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Abstract

The manuscript introduces a new estimation procedure for the Cox propor-
tional hazards model. The method proposed employs the sample covariance
matrix of model covariates and alternates between estimating the baseline
cumulative hazard function and estimating model coefficients. It is shown
that the estimating equation for model parameters resembles the least squares
estimate in a linear regression model, where the outcome variable is the trans-
formed event time. As a result an explicit expression for the difference in the
parameter estimates between nested models can be derived. Nesting occurs
when the covariates of one model are a subset of the covariates of the other.
The new method applies mainly to the uncensored data, but its extension to
the right censored observations is also proposed.
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1. Introduction

The Cox (1972) proportional hazards model is the most commonly ap-
plied semiparametric regression model for assessing the effect of covariates
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on the hazard ratio using censored survival data. It postulates that the
conditional hazard function of an event time given covariates is a product
of an unspecified baseline hazard function and an exponential function of a
linear combination of covariates with unknown coefficients. The standard
technique for estimating the regression parameters of this model is the par-
tial likelihood method (Cox, 1972, 1975). The method has become popular
mainly because it allows making inferences about the regression coefficients
without involving the baseline hazard, yields an estimator with good theoret-
ical properties and is programmed in the most common statistical software
packages. The inference on the baseline hazard and the baseline cumulative
hazard function is typically based on either the Breslow (1972, 1974) estima-
tor or the Kalbfleisch and Prentice (1973) estimator. Both these estimators
are in reasonable agreement (Lawless, 1982). Nevertheless, since the Breslow
estimator is simpler to evaluate it is being used more frequently in practice.

Breslow (1972) demonstrated that the Cox’s maximum partial likelihood
estimator and the corresponding Breslow estimator for the baseline cumula-
tive hazard function are identical to the estimators obtained by maximizing
the full likelihood function for the Cox model with respect to the regres-
sion coefficients and the baseline hazard simultaneously assuming that the
baseline hazard is piecewise constant between the uncensored observations
and that all censored observations are censored at the preceding uncensored
time. This estimation technique, however, appears to be computationally
cumbersome, especially for large datasets. Another estimation procedure for
the Cox model was suggested by Clayton and Cuzick (1985). Their method
is a two step algorithm that iterates between estimating the baseline cu-
mulative hazard function using the Breslow’s estimator and estimating the
model coefficients by maximizing the full log likelihood. This algorithm may
not converge, but if it does it converges to the maximum partial likelihood
estimate and the Breslow’s estimate of the baseline cumulative hazard.

The Cox model also belongs to a class of semiparametric linear transfor-
mation models under which an unspecified strictly increasing transformation
of the event time is linearly related to the covariates with completely specified
error distribution (Doksum, 1987). For the Cox model, the transformation
function is the natural logarithm of the baseline cumulative hazard function
and the error follows a standard extreme value distribution. Procedures for
estimating linear transformation models with right censored data have been
developed by several authors. Cheng et al. (1995) proposed a general es-
timating function for the regression coefficients under the assumption that
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censoring is independent of covariates. This method was further studied and
modified by Cheng et al. (1997) and Fine et al. (1998). Later, Chen et al.
(2002) discarded the independent censoring assumption and derived mar-
tingale type estimating equations for both the transformation function and
model parameters. The resulting coefficient estimator reduces to the Cox’s
maximum partial likelihood estimator in the special case of the Cox model.

In this paper, we introduce a new estimation procedure for the Cox pro-
portional hazards model. The method uses the covariance matrix of model
covariates and alternates between estimating the baseline cumulative hazard
function and estimating model parameters. We demonstrate that the esti-
mating equation for model parameters has a form similar to the least squares
estimate in the linear regression model. We focus mainly on time indepen-
dent covariates and uncensored data, but we also propose an approach for
dealing with right censored observations. The performance of the new es-
timation procedure is assessed via simulation and also by its application to
real data.

Because of the similarity of our proposed method and the least squares
method we can provide an alternative representation for the error between pa-
rameter estimates in two nested Cox models in terms of a sample covariance
matrix of covariates. In general, we arrive at a simple closed form expres-
sion depending on the coefficient estimates of the nonoverlapping covariates,
sample covariances between overlapping covariates and between overlapping
and nonoverlapping covariates, and on sample covariances of overlapping co-
variates with the two estimated log transformed baseline cumulative hazard
functions. Our representation of the specification error in terms of covari-
ances seems to be new.

The rest of the paper is organized as follows. Section 2 recapitulates
the basic facts about the Cox proportional hazards model and introduces
the notation. In Section 3 the new estimation procedure for the Cox model
is discussed and in Section 4 the alternative representation for the error
between parameter estimates in two nested models is derived. In Section 5
the standard and the new approach for Cox regression are compared, and
several numerical examples on their performance are given. The application
of the proposed method to a real dataset is illustrated in Section 6. Finally,
Section 7 contains some concluding remarks and future work.
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2. The Cox proportional hazards model

Let T be a positive continuous random variable representing the time to
event of interest and XT = (X1, . . . , Xk) be a vector of time independent
covariates. Throughout the paper, the superscript T stands for the trans-
pose. The proportional hazards model (Cox, 1972) assumes that the hazard
function of T given X = x takes the form:

λ(t|x) = λ0(t) exp (βTx) , (1)

where λ0(t) is an arbitrary and unspecified baseline hazard function and
βT = (β1, . . . , βk) is a vector of unknown regression coefficients. The associ-
ated conditional survival function is

S(t|x) = exp {−Λ0(t) exp (βTx)} ,

where Λ0(t) =
∫ t

0
λ0(u)du is so called baseline cumulative hazard function.

When T is subject to right censoring, the observations consist of in-
dependent identically distributed triples (yi, δi, x

T
i ) (i = 1, . . . , n), where

yi = min(ti, ci), δi = I(ti ≤ ci), ti, ci and xT
i = (x1i, . . . , xki) are respec-

tively the event time, censoring time and the vector of covariate values for
ith individual, and I (·) is the indicator function. Cox (1972, 1975) suggested
to estimate β by maximizing the partial likelihood function

PL(β) =
n∏
i=1

 exp (βTxi)∑
j∈Ri

exp (βTxj)


δi

,

where Ri = {j : yj ≥ yi} is the risk set at time yi (i = 1, . . . , n). The
maximum partial likelihood estimator of β is consistent and asymptotically
normal (Tsiatis, 1981; Andersen and Gill, 1982).

Estimation of β is typically followed by the estimation of the baseline
cumulative hazard function. The estimator of Λ0(t) proposed by Breslow
(1972, 1974) is given by

Λ̂BR
0 (t, β̂) =

∑
i:yi≤t

δi∑
j∈Ri

exp
(
β̂Txj

) , (2)

where β̂ is the estimator for β in (1). The asymptotic properties of this
estimator were established by Andersen and Gill (1982). In general, the
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estimates of β and Λ0(t) are used to obtain the summary statistics of the
event time distribution for an individual with particular values of covariates.

3. Least squares type estimation for the Cox model

Throughout this section we will assume that log Λ0(T ) has a finite second
moment and X is a nondegenerate random vector in Rk with a density func-
tion fX(x) and a covariance matrix C. Here, the log stands for the natural
logarithm.

Define Tx = (T |X = x), which is equivalent to saying that Tx is a ran-
dom variable such that P (Tx ≤ t) = P (T ≤ t|X = x). Then, it follows
from (1) that the cumulative distribution function of Tx is 1 − S(t|x). It
can be easily shown that with X fixed at x, the survival function of Tx,
considered as a function of the random variable Tx, is a uniform random
variable on the interval (0,1). This implies that under the Cox model (1)
S(Tx|x) = exp {−Λ0(Tx) exp (βTx)} is uniformly distributed on (0,1), leading
to the following definition.

Definition 1.
Let (T,XT) be a random vector such that T is a positive continuous ran-
dom variable and X is a nondegenerate random vector in Rk. Moreover, let
Tx = (T |X = x), β ∈ Rk and let Λ0 : R+ → R+ be a strictly increasing con-
tinuous function with the property lims→∞ Λ0(s) =∞. We say that (T,XT)
satisfies a Cox model with a parameter vector β and the baseline cumulative
hazard function Λ0, and write (T,XT) ∈ Cox(β,Λ0), if for all x ∈ Rk the
random variable Ux = exp {−Λ0(Tx) exp (βTx)} is uniformly distributed on
(0,1).

In the first theorem, we prove that a random variable U defined as

U = exp {−Λ0(T ) exp (βTX)}

has also a uniform distribution and is independent of X. Moreover, we show
that in the uncensored case there is at most one Cox model for a given set
of covariates.

Theorem 1. Let (T,XT) be a random vector such that:

1. T is a positive continuous random variable,
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2. X is a nondegenerate random vector in Rk,
3. there exists β ∈ Rk and a strictly increasing continuous function

Λ0 : R+ → R+ with the property lims→∞ Λ0(s) = ∞ such that
(T,XT) ∈ Cox(β,Λ0).

Then:

(i) random variable U = exp {−Λ0(T ) exp (βTX)} follows a uniform dis-
tribution on (0,1) and is independent of X,

(ii) if (T,XT) ∈ Cox(β∗,Λ∗0) with β∗ ∈ Rk and a strictly increasing contin-
uous function Λ∗0 : R+ → R+ such that lims→∞ Λ∗0(s) =∞, then β∗ = β
and Λ0(s) = Λ∗0(s) for all s > 0.

Proof of Theorem 1(i). Since (T,XT) ∈ Cox(β,Λ0),

Ux = exp {−Λ0(Tx) exp (βTx)}

is uniform on (0,1), where Tx = (T |X = x). Thus, the conditional density of
U given X = x is 1, i.e. fU |X(u | x) = 1, and

fU(u) =

∫
fUX(u, x)dx =

∫
fU |X(u | x)fX(x)dx =

∫
fX(x)dx = 1

showing that U is uniformly distributed. Also,

fUX(u, x) = fU |X(u | x)fX(x) = fU(u)fX(x)

showing that U is independent of X.

Proof of Theorem 1(ii). By assumptions 3 and (ii),

exp {−Λ0(Tx) exp (βTx)} ∼ exp {−Λ∗0(Tx) exp (β∗Tx)} for all x ∈ Rk,

where ”∼” means ”has the same distribution as”. Hence,

Λ0(Tx) ∼ Λ∗0(Tx) exp {(β∗ − β)Tx} for all x ∈ Rk

or, since Λ0 and Λ∗0 are stictly increasing,

P
(
Tx ≤ Λ−1

0 (r)
)

= P
(
Tx ≤ Λ∗−1

0

[
r exp

{
(β − β∗)T x

}])
for all r > 0, x ∈ Rk.

Since Tx is continuous, the above equality can hold if and only if

r = Λ0

(
Λ∗−1

0

[
r exp

{
(β − β∗)T x

}])
for all r > 0, x ∈ Rk.

This can hold for all x only if β = β∗. In that case, r = Λ0

(
Λ∗−1

0 (r)
)

for all r > 0. Since Λ0 and Λ∗0 are strictly increasing and continuous, this can
hold only if Λ0(s) = Λ∗0(s) for all s > 0.
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The independence of U and X is crucial for the development of the new
estimation procedure. It allows establishing the relation between Λ0(T ) and
β which forms the basis for this procedure. Theorem 2 gives this relation.

Theorem 2.
Let (T,XT) be a random vector, where T is a positive continuous random
variable and X is a nondegenerate random vector in Rk with covariance ma-
trix C. Moreover, let (T,XT) ∈ Cox(β,Λ0) with β ∈ Rk and a strictly
increasing continuous function Λ0 : R+ → R+ such that lims→∞ Λ0(s) = ∞
and log Λ0(T ) has a finite second moment. Then

cov(log Λ0(T ), Xj) = −cov (βTX,Xj) (j = 1, . . . , k) (3)

and
β = −C−1L, (4)

where cov denotes covariance, LT = (L1, . . . , Lk) and Lj = cov(log Λ0(T ), Xj)
(j = 1, . . . , k).

Proof of Theorem 2. To show (3), Theorem 1 yields

log (− logU) = log Λ0(T ) + βTX,

where U is uniform on (0,1) and independent of X. Thus,

cov (log Λ0(T ), Xj) + cov (βTX,Xj) = cov (log (− logU) , Xj) = 0

and
cov (log Λ0(T ), Xj) = −cov (βTX,Xj) (j = 1, . . . , k).

To show (4) define Lj as cov(log Λ0(T ), Xj) (j = 1, . . . , k). Putting
LT = (L1, . . . , Lk) the last equation can be rewritten as L = −Cβ. Therefore,
since C−1 exists, β = −C−1L.

We now demonstrate how relation (4) can be used to estimate regression
coefficients in the Cox model (1). Uncensored and censored data are discussed
separately.

Equation (3) implies restrictions on the joint probability distribution of
(T,XT) in the population, whereas (4) gives parameter vector that satisfies
these restrictions. Hence, if the event time T were fully observable, and the
probability distribution of (T,XT) as well as the functional representation of
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Λ0(·) were known, β could be found directly using (4). In practice, however,
the distribution of (T,XT) is only known through a random sample (ti, x

T
i )

(i = 1, . . . , n). In this case, the most intuitive estimator for β is the method of
moments estimator obtained by replacing the unknown population moments
in (4) with their sample counterparts as follows:

β̂n = −C−1
n Ln, (5)

where Cn is the sample covariance matrix of X, Ln consists of sample co-
variances covn(log Λ0(T ), Xj) (j = 1, . . . , k) and Λ0(T ) is a random variable
whose sample realizations are Λ0(ti) (i = 1, . . . , n). Note that there is no
difference if we use n or n − 1 as a denominator in the sample covariance
formula.

The estimating equation (5) has a familiar form of a least squares esti-
mator in the linear regression model. Indeed, define the dependent variable
Y ∗ and the predictor variables X∗1 , . . . , X

∗
k as follows:

y∗i = 1√
n−1

(
log Λ0(ti)− log Λ0(T )

)
,

x∗ji = 1√
n−1

(
xji −Xj

)
(j = 1, . . . , k; i = 1, . . . , n),

(6)

where log Λ0(T ) and Xj are the sample means of log Λ0(T ) and Xj obser-
vations, respectively. It is easy to verify that the matrix of sums of squares
and cross products of the transformed covariates is Cn and that the sum
of cross products between X∗j and Y ∗ is covn(log Λ0(T ), Xj) (j = 1, . . . , k).
Consequently, the least squares estimator for parameters β∗1 , . . . , β

∗
k in the

linear regression model

y∗i = −β∗1x∗1i − . . .− β∗kx∗ki + ε∗i (i = 1, . . . , n),

where ε∗i is an error term, is given as

β̂∗n = −C−1
n Ln,

which is equivalent to (5). The reason why there is no intercept in this
model is that if it were included its estimate would always be zero. Thus,
provided that the baseline cumulative hazard function is known, solving for
β using (5) is equivalent to fitting a no intercept linear model to survival
data transformed according to (6) and multiplying the coefficients obtained
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by −1. As a result, the solution for β when the representation of Λ0(·) is
known will have a closed form and will be unique.

In most cases, however, the baseline cumulative hazard function is un-
specified. By analogy to the classical survival analysis involving the Cox
model, we propose to estimate Λ0(t) based on data using the Breslow esti-
mator presented in Section 2. Since this estimator depends on the unknown
parameter vector, plugging it in place of Λ0(t) in formula (5) leads to an
iterative scheme for estimating β. The main steps of this iterative procedure
can be summarized as follows:

Step 1. Obtain the initial estimate β(1) of β̂n.

Step 2. For s ≥ 1 estimate Λ0(t) based on data and β(s) using (2).

Step 3. Calculate entries of Lβ
(s)

n as covn(log Λ̂BR
0

(
T, β(s)

)
, Xj) (j = 1, . . . , k).

Step 4. Given Lβ
(s)

n compute β(s+1) as β(s+1) = −C−1
n Lβ

(s)

n .

Step 5. Repeat steps 2 - 4 until a convergence criterion is satisfied.

Our numerical experiments show that this iterative procedure converges
and it always leads to the same solution, regardless of the initial estimate
β(1). Only the number of iterations needed to reach this solution differs.
Unfortunately, we presently have no proof of this result. We also observe
that the coefficient estimates in the correctly specified model obtained using
the iterative procedure appear consistent with their true values and do not
differ much from the maximum partial likelihood estimates, both in terms
of the mean parameter values and standard errors. Moreover, if applied
to estimate a Cox model whose covariates are a subset of those used to
generate the data, then the iterative method may produce smaller bias than
the maximum partial likelihood method. However, this holds only if the
studied covariates are independent of each other and of excluded covariates.

Since formula (4) results from the association between the transformed
event time T and covariates, the iterative estimation method just described
is suitable only for the uncensored data, that is, when the event time for
every individual in the study is known. Therefore, the only way to make the
new method work with right censored data is to approximate the unobserved
event times by reasonable values and to treat these approximate values as
actual event times in the calculations.

Because the censoring time itself is likely to underestimate the true event
time, we propose to impute the event time for each censored person by
its conditional expectation given the observed data. That is, if ti is the
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true event time for an individual with covariate values xi censored by ci,
then the censored value ci will be replaced by the conditional expectation
E(ti|ti > ci, xi), which equals to ci +

∫∞
ci
S(u|xi)du/S(ci|xi) and can be esti-

mated by

ci +
1

Ŝ(ci|xi)

Ŝ(ci|xi)(y∗i − ci) +
∑
j:yj>ci

yj 6=largest time

Ŝ(yj|xi)δj(y∗j − yj)

 , (7)

where ci corresponds to yi with δi = 0, Ŝ(·|xi) is the estimated survival func-
tion for an individual with covariate values xi and
y∗j = min{y ∈ {y1, . . . , yn} : y is uncensored, y > yj}. Note that the largest
observation has to be treated as uncensored for this calculation. This is due
to the fact that the survival function is undefined beyond the largest event
time. Also, one has to bear in mind that the estimate of S(y|xi) depends on
β. Hence, every time β changes a new imputed dataset is created. Putting
this information together, we obtain an iterative procedure for estimating β
which proceeds as follows:

Step 1. Redefine the largest observed time as uncensored.

Step 2. Choose the initial estimate β(1) of β̂n.

Step 3. For s ≥ 1 impute the original data using (7) and β(s). Denote the
imputed sample as (yIi , x

T
i ) (i = 1, . . . , n).

Step 4. Estimate Λ0(t) based on β(s) and the imputed sample.

Step 5. Calculate covn(log Λ̂BR
0

(
Y I , β(s)

)
, Xj) (j = 1, . . . , k) being the en-

tries of Lβ
(s)

n .

Step 6. Compute β(s+1) as β(s+1) = −C−1
n Lβ

(s)

n .

Step 7. Repeat steps 3 - 6 until convergence is achieved.

Note that the Breslow estimator (2) is used twice in this procedure. First,
it is applied in step 3 to estimate the survival function for each censored
individual. Then, it is used again in step 4 to estimate Λ0(t) for the imputed
(uncensored) sample.

Simulation studies reveal that the estimation procedure proposed for cen-
sored data performs reasonably well in comparison to the maximum partial
likelihood method. Although the new estimator is not generally consistent,
which is due to the fact that it may produce asymptotically biased parameter
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estimates, its bias for each sample size is fairly small. However, both the bias
and the standard error of the maximum partial likelihood estimator seem to
be smaller in most cases than the corresponding bias and standard error of
the new estimator.

4. Model specification error

Consider two specifications of the Cox regression model:

λ(t|x) = λ0(t) exp(βTx) = λ0(t) exp(βT

(1)x(1) + βT

(2)x(2)) (8)

and
λ(t|x(1)) = λ∗0(t) exp(β∗Tx(1)), (9)

where λ0(t) and λ∗0(t) are the baseline hazard functions, xT = [xT

(1), x
T

(2)],

xT

(1) = (x1, . . . , xp) (p < k) contains the values of covariates common to

the two models, xT

(2) = (xp+1, . . . , xk) includes values of covariates unique

to model (8), βT = [βT

(1), β
T

(2)], β
T

(1) = (β1, . . . , βp), β
T

(2) = (βp+1, . . . , βk) and

β∗T = (β∗1 , . . . , β
∗
p). Here the model (8) is a valid proportional hazards model.

Our interest in this section is to derive the formula for the error between
the corresponding parameter estimates of the two models using the iterative
estimation procedure introduced in Section 3. We consider both uncensored
and censored data, each containing n observations generated from the model
(8). Furthermore, we suppress the explicit dependence of the various quan-
tities on n for the clarity of notation.

We start with the uncensored case. Applying the new estimation proce-
dure to models (8) and (9) we obtain the following coefficient estimates:

β̂ = −C−1Lβ̂ =

[
β̂(1)

β̂(2)

]
(10)

and
β̂∗ = −C−1

11 L
β̂∗
, (11)

where C is the sample covariance matrix of XT = [XT

(1), X
T

(2)] partitioned as

C =

[
C11 C12

CT
12 C22

]
with Cij = covn

(
X(i), X(j)

)
(i, j = 1, 2), whereas Lβ̂ and Lβ̂

∗
are respectively

column vectors of sample covariances covn(log Λ̂BR
0 (T, β̂), Xi) (i = 1, . . . , k)
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and covn(log Λ̂BR
0 (T, β̂∗), Xj) (j = 1, . . . , p). Subtracting (10) from (11) we

can derive the explicit formula for the error between the coefficient estimates
in models (8) and (9) which reads

β̂∗ − β̂(1) = −C−1
11

(
Lβ̂

∗ − Lβ̂(1) − C12β̂(2)

)
, (12)

where Lβ̂(1) is a column vector consisting of the first p rows of Lβ̂.
We see that under the new method the error, which is simply a difference

between two known vectors β̂∗ and β̂(1), can also be calculated using the right
hand side of (12). The alternative error representation, however, is more than
just a calculation rule. First, it shows how the error depends on the correla-
tions between the covariates, the coefficient estimates of the nonoverlapping
covariates and the estimated baseline cumulative hazard functions. Second, it
allows identifying and grouping factors that contribute to the error’s magni-
tude. These factors include: the coefficient estimates of the nonoverlapping
covariates, the sample covariances between overlapping covariates and be-
tween overlapping and nonoverlapping covariates, and the sample covariances
of overlapping covariates with the two estimated log transformed baseline cu-
mulative hazard functions. Finally, it gives insight, not otherwise available,
into the effect of the dependencies among covariates on the error associated
with selection of model variables. The use of (12) to predict the sign of the
error is discussed below.

Suppose first that the covariates X(1) are uncorrelated with each other
and with omitted covariates X(2). Then, the error becomes

β̂∗ − β̂(1) = −

covn(log
Λ̂BR
0 (T,β̂∗)

Λ̂BR
0 (T,β̂)

, X1)

varn(X1)
, . . . ,

covn(log
Λ̂BR
0 (T,β̂∗)

Λ̂BR
0 (T,β̂)

, Xp)

varn(Xp)

T

, (13)

which is a nonzero vector whose entries are calculated from the complete
data. In practice, however, this data is unavailable and hence the signs of

covn(log
Λ̂BR
0 (T,β̂∗)

Λ̂BR
0 (T,β̂)

, Xj) (j = 1, . . . , p) and ultimately the signs of the compo-

nents of (13) cannot be readily determined. Therefore, the only conclusion
that can be drawn from (13) is that when the studied and excluded covariates
are uncorrelated the coefficient estimates in the misspecified model are bur-
dened with an error. This result is in accord with the previous findings of Gail
et al. (1984), Struthers and Kalbfleisch (1986) and Bretagnolle and Huber-
Carol (1988) derived using the properties of the partial likelihood function.
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An additional result of these authors is that the error caused by omitting
independent covariates is always biased towards zero, which, as explained
before, cannot be deduced under the new estimation method.

The error formula (12) does not simplify when all covariates in X are
correlated. Moreover, as in the independent covariate case, one cannot say

anything about the magnitudes and the signs of elements of Lβ̂
∗−Lβ̂(1) unless

the complete data is available. This makes the prediction of the direction of
the error impossible. However, as seen in the examples, the sign of the error
under the correlated covariates can be well predicted using an expression that
omits the terms involving the baseline cumulative hazard functions, namely
C−1

11 C12β̂(2). The heuristic argument for neglecting these terms is given below.

It is apparent that Lβ̂
∗

and Lβ̂(1) can be omitted from (12) only if the base-

line cumulative hazard functions under models (8) and (9) are proportional,
that is, if Λ∗0(t) = αΛ0(t) for every t > 0, where α is a constant. In general,
this proportionality statement is not true, but one can show that it holds
approximately under specific circumstances.

Let g(x(2)|x(1)) be the conditional density of X(2) given X(1) = x(1). Then,
by elementary probability arguments, the conditional hazard function of T
given X(1) is

λ(t|x(1)) =
f(t|x(1))

S(t|x(1))
=

∫
f(t|x(1), x(2))g(x(2)|x(1))dx(2)∫
S(t|x(1), x(2))g(x(2)|x(1))dx(2)

. (14)

Substituting f(t|x(1), x(2)) = λ(t|x(1), x(2))S(t|x(1), x(2)) and

S(t|x(1), x(2)) = exp
{
−Λ0(t) exp(βT

(1)x(1) + βT

(2)x(2))
}

into (14) yields

λ(t|x(1)) = λ0(t)eβ
T
(1)
x(1)h(t;x(1)), (15)

where

h(t;x(1)) =

∫
eβ

T
(2)
x(2)e−Λ0(t) exp(βT

(1)
x(1)+β

T
(2)
x(2))g(x(2)|x(1))dx(2)∫

e−Λ0(t) exp(βT
(1)
x(1)+β

T
(2)
x(2))g(x(2)|x(1))dx(2)

.

Hence, the baseline hazard function under model (9) takes the form

λ∗0(t) = λ(t|X(1) = 0) = λ0(t)

∫
z1(t;x(2))g(x(2)|X(1) = 0)dx(2)∫
z2(t;x(2))g(x(2)|X(1) = 0)dx(2)

,
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where
z1(t;x(2)) = eβ

T
(2)
x(2)e−Λ0(t) exp(βT

(2)
x(2))

and
z2(t;x(2)) = e−Λ0(t) exp(βT

(2)
x(2)).

Equivalently

λ∗0(t) = λ0(t)
E
[
z1(t;X(2))|X(1) = 0

]
E
[
z2(t;X(2))|X(1) = 0

] , (16)

where E
[
·|X(1) = 0

]
denotes the conditional expectation with respect to the

conditional distribution of X(2) given X(1) = 0. To show that Λ∗0(t) and
Λ0(t) are nearly proportional define x̄(2) as E

[
X(2)|X(1) = 0

]
. Expanding

z1(t;X(2)) and z2(t;X(2)) in a Taylor series around X(2) = x̄(2), and then
applying the conditional expectation operator to both sides of the resulting
polynomials we get that for every t > 0

E
[
z1(t;X(2))|X(1) = 0

]
= z1(t; x̄(2)) + E[R1|X(1) = 0],

E
[
z2(t;X(2))|X(1) = 0

]
= z2(t; x̄(2)) + E[R2|X(1) = 0],

where R1 and R2 are the remainder terms of the respective Taylor expansions.
Assuming that E[R1|X(1) = 0] and E[R2|X(1) = 0] are small we obtain

λ∗0(t) ≈ λ0(t)
z1(t; x̄(2))

z2(t; x̄(2))
= λ0(t)eβ

T
(2)
x̄(2) .

Consequently, Λ∗0(t) ≈ Λ0(t)eβ
T
(2)
x̄(2) and cov(log Λ∗0(t), Xj) ≈ cov(log Λ0(t), Xj)

(j = 1, . . . , p). This finally implies that Lβ̂
∗ − Lβ̂(1) ≈ 0,

β̂∗ − β̂(1) ≈ C−1
11 C12β̂(2) (17)

and
sgn

(
β̂∗ − β̂(1)

)
= sgn

(
C−1

11 C12β̂(2)

)
,

where sgn is a signum function.
We illustrate the prediction of the sign of the error using the right hand

side of (17) on three simple examples. Let k = 2 and p = 1. Then, the
error in the coefficient for X1 has the same sign as c12β̂2/v1, where c12 is the
sample covariance between X1 and X2 and v1 is the sample variance of X1.
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Hence, since v1 is always positive, the sign of β̂∗1 − β̂1 depends on the signs of
both c12 and β̂2, which in many instances can be pretty well predetermined.
Specifically, the error is positive if the signs of c12 and β̂2 agree, and negative
otherwise. This result agrees with and complements the simulation results
obtained by Abrahamowicz et al. (2004) and Gerds and Schumacher (2001)
for the maximum partial likelihood estimates. In case where k = 3 and p = 1,
sgn(β̂∗1 − β̂1) = sgn(c12β̂2 + c13β̂3) and

sgn(β̂∗1 − β̂1) =



1 if c12, c13, β̂2, β̂3 > 0,

c12, c13, β̂2, β̂3 < 0,

c12, β̂2 > 0, c13, β̂3 < 0,

c12, β̂2 < 0, c13, β̂3 > 0,

−1 if c12, c13 > 0, β̂2, β̂3 < 0,

c12, c13 < 0, β̂2, β̂3 > 0,

c12, β̂3 > 0, c13, β̂2 < 0,

c12, β̂3 < 0, c13, β̂2 > 0.

As far as we know, this type of result has not appeared in the published
literature. Finally, assume that k = 3 and p = 2. Here, sgn(β̂∗1 − β̂1) =
−sgn{β̂3(c12c23 − v2c13)} and sgn(β̂∗2 − β̂2) = −sgn{β̂3(c12c13 − v1c23)}.
Clearly, the signs of c12c23 − v2c13 and c12c13 − v1c23 depend on the signs
and magnitudes of c12, c23, c13, v1 and v2, but once they are known the di-
rection of both errors can be predicted following the reasoning in the first
example.

The error formula (12) holds true also for the right censored data. In

this case, however, Lβ̂(1) and Lβ̂
∗

consist of covn(log Λ̂BR
0 (Y I , β̂), Xj) and

covn(log Λ̂BR
0 (Y I , β̂∗), Xj) (j = 1, . . . , p) computed from two imputed datasets.

In general, the imputed event times and the sort order of rows will differ be-
tween these data implying that the above deliberation on the specification
error does not carry over to the censored case. Nevertheless, as seen in simula-
tions, the misspecification of the model has the same effect on the parameter
estimates whether or not the data is censored. We therefore believe that our
conclusions about the direction of the error obtained for the uncensored data
case are applicable to the censored case as well.
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5. Simulation study

In this section we use numerical experiments to evaluate the performance
of the iterative estimation procedure for the Cox model presented in Sec-
tion 3. Our main goal is to investigate and compare the properties of the
new estimator and the maximum partial likelihood estimator under various
model specifications with both correlated and uncorrelated covariates. We
consider both the uncensored and right censored data cases.

To conduct our simulation study we generate event times from a propor-
tional hazards model with three covariates X1, X2 and X3, the conditional
hazard function λ(t|x) = exp(βTx) and βT = {(1, 1,−1), (1,−1, 2), (2, 1, 1)}.
Censoring times are generated from an exponential distribution that gives ex-
pected proportions of censored observations of 20% and 50%. The marginal
distributions of covariates are all uniform on the interval [−1, 1], while the
(conditional) Spearman’s rank correlations r used to generate correlated ran-
dom samples of (X1, X2, X3) are r(X1, X2) = 0.9, r(X2, X3) = −0.9 and
r(X1, X3|X2) = −0.9. The corresponding covariances are cov(X1, X2) = 0.3,
cov(X1, X3) = −0.33 and cov(X2, X3) = −0.3. The dependence between the
variables is modeled by D-vine with the normal copula assigned to its edges
(Kurowicka and Cooke, 2006). For every β we generate 1000 datasets of size
n = 4000, 1000, 100 and 50.

We apply the maximum partial likelihood method and the new procedure
to each simulated dataset and we estimate the regression coefficients in the
model with all three covariates (Model 1 ), in the model containing X1 and X2

(Model 2 ) and in the model including only X1 (Model 3 ). For each parameter
we calculate the sample mean and standard deviation of its resulting 1000
sample specific estimates. All simulations and calculations are carried out
in MATLAB. The source codes are available from authors upon request.
The stopping criterion for the iterative procedure is defined through the L2-
norm. We stop iterations when the L2-norm of a vector of differences between
successive estimates of β is less than 10−7. The results for the uncensored
cases are described first, followed by results for the censored cases.

Tables 1–3 show sample means and standard deviations of parameter
estimates in Model 1, Model 2 and Model 3 when there is no censoring and
covariates are uncorrelated. Each of these tables corresponds to a specific
vector of the true coefficient values and each row in each table presents the
results for different sample size n. Estimates for β1, β2 and β3 for a given
model, method and n are given as rows.
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Table 1: Means and standard deviations (numbers in parentheses) of parameter estimates
in Models 1, 2 and 3 obtained using the maximum partial likelihood method (MPL) and
the iterative procedure (ITP), when βT = (1, 1,−1), covariates are uncorrelated and the
censoring rate is 0%.

Model 1 Model 2 Model 3
MPL ITP MPL ITP MPL ITP

n = 4000
1.00(0.03)
1.00(0.03)
−1.00(0.03)

1.00(0.04)
1.00(0.04)
−1.00(0.04)

0.83(0.03)
0.82(0.03)

0.88(0.04)
0.88(0.04)

0.71(0.03) 0.80(0.04)

n = 1000
1.00(0.06)
1.00(0.06)
−1.00(0.06)

1.00(0.08)
1.00(0.08)
−1.00(0.08)

0.83(0.06)
0.83(0.06)

0.88(0.07)
0.88(0.07)

0.71(0.06) 0.80(0.07)

n = 100
1.03(0.21)
1.03(0.21)
−1.04(0.21)

1.00(0.24)
1.00(0.24)
−1.01(0.24)

0.85(0.20)
0.85(0.20)

0.87(0.23)
0.88(0.22)

0.73(0.19) 0.79(0.23)

n = 50
1.05(0.32)
1.07(0.32)
−1.06(0.34)

1.00(0.36)
1.03(0.36)
−1.03(0.37)

0.87(0.31)
0.89(0.31)

0.88(0.33)
0.90(0.33)

0.74(0.29) 0.78(0.32)

Table 2: Means and standard deviations (numbers in parentheses) of parameter estimates
in Models 1, 2 and 3 obtained using the maximum partial likelihood method (MPL) and
the iterative procedure (ITP), when βT = (1,−1, 2), covariates are uncorrelated and the
censoring rate is 0%.

Model 1 Model 2 Model 3
MPL ITP MPL ITP MPL ITP

n = 4000
1.00(0.03)
−1.00(0.03)

2.00(0.04)

1.00(0.04)
−1.00(0.04)

2.00(0.05)

0.61(0.03)
−0.61(0.03)

0.70(0.04)
−0.70(0.03)

0.56(0.03) 0.67(0.04)

n = 1000
1.00(0.06)
−1.00(0.06)

2.01(0.08)

1.00(0.08)
−1.00(0.08)

2.00(0.10)

0.62(0.06)
−0.61(0.06)

0.70(0.07)
−0.70(0.07)

0.56(0.06) 0.67(0.07)

n = 100
1.02(0.22)
−1.03(0.22)

2.05(0.26)

1.00(0.26)
−1.01(0.25)

2.00(0.31)

0.62(0.20)
−0.63(0.19)

0.69(0.23)
−0.70(0.21)

0.57(0.20) 0.66(0.23)

n = 50
1.05(0.32)
−1.04(0.33)

2.10(0.40)

1.01(0.37)
−1.01(0.38)

2.04(0.46)

0.64(0.30)
−0.63(0.30)

0.69(0.32)
−0.68(0.32)

0.58(0.28) 0.65(0.31)

In the case involving all three covariates both estimators perform quite
well and similarly. They appear consistent and provide mean parameter
values that are close to each other and to the true coefficient values even for
small sample sizes. However, it seems that the bias of an estimator resulting
from the iterative procedure under Model 1 is in most cases smaller than the
bias of the maximum partial likelihood estimator. On the other hand, the
estimated standard deviation of the maximum partial likelihood estimator is
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Table 3: Means and standard deviations (numbers in parentheses) of parameter estimates
in Models 1, 2 and 3 obtained using the maximum partial likelihood method (MPL) and
the iterative procedure (ITP), when βT = (2, 1, 1), covariates are uncorrelated and the
censoring rate is 0%.

Model 1 Model 2 Model 3
MPL ITP MPL ITP MPL ITP

n = 4000
2.00(0.04)
1.00(0.03)
1.00(0.03)

2.00(0.05)
1.00(0.04)
1.00(0.04)

1.67(0.04)
0.84(0.03)

1.76(0.04)
0.88(0.04)

1.46(0.03) 1.60(0.04)

n = 1000
2.00(0.07)
1.00(0.06)
1.00(0.06)

2.00(0.09)
0.99(0.08)
0.99(0.08)

1.67(0.07)
0.84(0.06)

1.75(0.08)
0.88(0.07)

1.46(0.07) 1.60(0.08)

n = 100
2.04(0.27)
1.03(0.21)
1.03(0.21)

2.01(0.32)
1.01(0.25)
1.00(0.25)

1.70(0.25)
0.86(0.21)

1.75(0.27)
0.88(0.23)

1.48(0.23) 1.59(0.25)

n = 50
2.10(0.40)
1.06(0.32)
1.06(0.32)

2.03(0.46)
1.02(0.38)
1.03(0.37)

1.75(0.37)
0.88(0.32)

1.76(0.39)
0.88(0.35)

1.52(0.34) 1.58(0.35)

always slightly smaller than the standard deviation of the other estimator.
Nevertheless, the difference between estimators is not great and becomes
smaller as the the sample size gets larger.

When the covariate X3 is omitted from Model 1, the estimators of β1 and
β2 become biased towards zero. This holds for any vector of true coefficient
values, sample size n and estimation method. The same effect is observed
for β1 when also covariate X2 (in addition to X3) is omitted. Generally, the
more excluded covariates the larger the bias. Additionally, the exclusion of
X3 and also X2 does not affect the signs of the coefficients in both submodels
of Model 1. They are consistent with the signs of their corresponding true
values. These observations confirm the theoretical results of Bretagnolle and
Huber-Carol (1988), but they do not follow from the error formula derived
in Section 4.

As shown in tables, the mean parameter estimates for Model 2 and Model
3 obtained with the maximum partial likelihood method and the iterative
procedure do not agree as much as for the correct Model 1. However, the
bias of estimators of coefficients in both misspecified models provided by the
iterative procedure is always smaller than the corresponding bias based on
the maximum partial likelihood method. Again, as in the correct case, the
maximum partial likelihood estimator has a smaller variation.

Not many of the above conclusions hold when the model covariates are
correlated. The results of simulations involving uncensored data with corre-
lated covariates are presented in Tables 4–6.
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Table 4: Means and standard deviations (numbers in parentheses) of parameter estimates
in Models 1, 2 and 3 obtained using the maximum partial likelihood method (MPL) and
the iterative procedure (ITP), when βT = (1, 1,−1), covariates are correlated and the
censoring rate is 0%.

Model 1 Model 2 Model 3
MPL ITP MPL ITP MPL ITP

n = 4000
1.00(0.15)
1.00(0.06)
−1.00(0.15)

1.00(0.19)
1.00(0.08)
−1.00(0.19)

1.89(0.07)
1.08(0.06)

1.90(0.09)
1.08(0.08)

2.72(0.05) 2.76(0.06)

n = 1000
1.01(0.30)
1.00(0.13)
−1.00(0.30)

1.01(0.38)
1.00(0.17)
−0.99(0.38)

1.90(0.14)
1.08(0.13)

1.89(0.17)
1.08(0.16)

2.73(0.09) 2.76(0.11)

n = 100
1.03(1.07)
1.02(0.45)
−1.03(1.07)

0.98(1.25)
1.00(0.54)
−1.02(1.27)

1.93(0.47)
1.09(0.44)

1.87(0.56)
1.07(0.53)

2.76(0.32) 2.72(0.36)

n = 50
1.03(1.58)
1.07(0.67)
−1.07(1.58)

1.02(1.80)
1.02(0.82)
−1.02(1.79)

1.96(0.68)
1.14(0.64)

1.92(0.83)
1.09(0.79)

2.81(0.47) 2.76(0.54)

Table 5: Means and standard deviations (numbers in parentheses) of parameter estimates
in Models 1, 2 and 3 obtained using the maximum partial likelihood method (MPL) and
the iterative procedure (ITP), when βT = (1,−1, 2), covariates are correlated and the
censoring rate is 0%.

Model 1 Model 2 Model 3
MPL ITP MPL ITP MPL ITP

n = 4000
1.00(0.15)
−1.00(0.07)

2.00(0.15)

1.01(0.19)
−1.00(0.09)

2.01(0.19)

−0.79(0.06)
−1.13(0.07)

−0.79(0.08)
−1.14(0.08)

−1.70(0.04) −1.75(0.04)

n = 1000
1.00(0.31)
−1.00(0.13)

2.01(0.31)

1.00(0.39)
−0.99(0.16)

2.00(0.39)

−0.79(0.13)
−1.13(0.13)

−0.80(0.16)
−1.13(0.16)

−1.71(0.07) −1.75(0.08)

n = 100
1.06(1.05)
−1.04(0.45)

2.07(1.06)

1.04(1.26)
−1.01(0.53)

2.02(1.28)

−0.80(0.43)
−1.15(0.44)

−0.78(0.51)
−1.14(0.51)

−1.72(0.24) −1.73(0.27)

n = 50
1.14(1.65)
−1.06(0.69)

2.18(1.67)

1.15(1.87)
−1.05(0.79)

2.12(1.90)

−0.80(0.64)
−1.19(0.64)

−0.74(0.73)
−1.19(0.75)

−1.74(0.35) −1.73(0.38)

The mean values of parameter estimates in Model 1 estimated using the
maximum partial likelihood method and the iterative procedure remain close
to each other in most cases, but their distance from the true coefficient values
increases with decreasing sample size. Furthermore, the biases and estimated
standard deviations of both estimators are generally smaller in the case of
uncorrelated covariates, reflecting the fact that correlation reduces effective
sample size. Nevertheless, both estimators seem to be consistent and in
comparison with the maximum partial likelihood estimator the estimator
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Table 6: Means and standard deviations (numbers in parentheses) of parameter estimates
in Models 1, 2 and 3 obtained using the maximum partial likelihood method (MPL)
and the iterative procedure (ITP), when βT = (2, 1, 1), covariates are correlated and the
censoring rate is 0%.

Model 1 Model 2 Model 3
MPL ITP MPL ITP MPL ITP

n = 4000
2.00(0.15)
1.00(0.06)
1.00(0.14)

2.00(0.19)
1.00(0.08)
1.00(0.19)

1.08(0.06)
0.91(0.06)

1.09(0.08)
0.91(0.08)

1.83(0.04) 1.86(0.04)

n = 1000
2.01(0.31)
1.00(0.13)
1.01(0.31)

2.01(0.38)
0.99(0.17)
1.01(0.38)

1.09(0.13)
0.91(0.13)

1.09(0.16)
0.90(0.16)

1.83(0.07) 1.85(0.08)

n = 100
2.03(1.12)
1.04(0.45)
1.01(1.11)

2.00(1.30)
1.01(0.54)
1.00(1.28)

1.10(0.44)
0.95(0.45)

1.08(0.51)
0.92(0.53)

1.86(0.24) 1.85(0.27)

n = 50
2.18(1.75)
1.09(0.70)
1.13(1.71)

2.16(1.91)
1.03(0.78)
1.14(1.89)

1.13(0.67)
0.97(0.67)

1.10(0.76)
0.93(0.75)

1.90(0.37) 1.87(0.41)

resulting from the iterative procedure has larger standard deviations.
The exclusion of covariate X3 which is correlated with X1 and X2 does

not lead to one systematic effect, but it causes three different effects. These
effects are clearly visible for every sample size n and estimation method.
They include: (1) bias away from zero of the estimator of β1 and β2, (2)
the change in sign of the estimator of β1 and bias away from zero of the
estimator of β2, and (3) bias towards zero of the estimator of β1 and β2. The
direction of the bias of estimator for β1 remains the same when also X2 is
excluded. The simulation results for both submodels of Model 1 do not allow
for a fair comparison between estimators with respect to bias. However, they
clearly indicate that the maximum partial likelihood method yields smaller
standard deviations for parameters in Model 2 and Model 3 than the iterative
procedure.

It is noteworthy that the sign of the bias of parameter estimators in Model
2 and Model 3 agrees with the sign of the elements of the right hand side of
formula (17) where the sample covariances and parameter estimates of omit-
ted covariates are replaced by their population counterparts. This holds re-
gardless of the sample size and estimation procedure. Interestingly, if only the
signs of the true parameter values of the omitted covariates and not their ac-
tual values are used, the direction of the bias can be correctly predicted in all
the cases except for Model 3 when βT = (2, 1, 1). For illustration, take βT =
(1,−1, 2). According to Section 4 the signs of the errors in the coefficient es-
timates for X1 and X2 in Model 2 equal respectively sgn{−β̂3(c12c23−v2c13)}
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and sgn{−β̂3(c12c13− v1c23)}. Substituting β3 in place of β̂3 and cov(Xi, Xj)
in place of cij (i, j = 1, 2, 3) we get that the bias of the estimator of β1 and β2

will have the same sign as β3{var(X2)cov(X1, X3)−cov(X1, X2)cov(X2, X3)}
and β3{var(X1)cov(X2, X3)− cov(X1, X2)cov(X1, X3)}, respectively. In this
example, β3 > 0, var(X2)cov(X1, X3)−cov(X1, X2)cov(X2, X3) = −0.02 and
var(X1)cov(X2, X3) − cov(X1, X2)cov(X1, X3) = −0.001 implying that the
biases of estimators of β1 and β2 caused by omitting X3 are negative. Fol-
lowing the same logic we can show that the sign of bias of the estimator of β1

in Model 3 is the same as the sign of cov(X1, X2)β2 + cov(X1, X3)β3, which
is negative.

Tables 7–10 provide simulation results obtained for the right censored
data. However, since the performance of the iterative and the maximum
partial likelihood methods is similar for all three vectors of true parameter
values, only the results for βT = (1, 1,−1) are reported.

Table 7: Means and standard deviations (numbers in parentheses) of parameter estimates
in Models 1, 2 and 3 obtained using the maximum partial likelihood method (MPL) and
the iterative procedure (ITP), when βT = (1, 1,−1), covariates are uncorrelated and the
expected censoring rate is 20%.

Model 1 Model 2 Model 3
MPL ITP MPL ITP MPL ITP

n = 4000
1.00(0.03)
1.00(0.03)
−1.00(0.03)

1.04(0.05)
1.04(0.04)
−1.04(0.04)

0.82(0.03)
0.82(0.03)

0.91(0.04)
0.91(0.04)

0.71(0.03) 0.83(0.04)

n = 1000
1.00(0.07)
1.00(0.07)
−1.00(0.07)

1.04(0.09)
1.04(0.09)
−1.04(0.09)

0.83(0.07)
0.83(0.07)

0.91(0.09)
0.91(0.08)

0.72(0.07) 0.83(0.09)

n = 100
1.03(0.24)
1.03(0.24)
−1.03(0.24)

1.05(0.31)
1.04(0.30)
−1.05(0.30)

0.85(0.23)
0.85(0.24)

0.90(0.28)
0.90(0.28)

0.74(0.23) 0.82(0.28)

n = 50
1.07(0.37)
1.06(0.37)
−1.08(0.36)

1.07(0.46)
1.06(0.45)
−1.06(0.45)

0.88(0.34)
0.88(0.35)

0.91(0.39)
0.91(0.41)

0.75(0.32) 0.81(0.37)

One can observe that, unlike the maximum partial likelihood estimator,
the estimator of coefficients in Model 1 resulting from the iterative proce-
dure loses consistency as the expected proportion of censored observations
increases. Moreover, for every n, when the censoring rate gets bigger the
mean parameter values obtained using the iterative procedure become larger
in absolute value, whereas the means of the other estimator remain close
to each other and to their respective true values. This immediately implies
that the differences between the mean estimates of the two estimators and
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Table 8: Means and standard deviations (numbers in parentheses) of parameter estimates
in Models 1, 2 and 3 obtained using the maximum partial likelihood method (MPL) and
the iterative procedure (ITP), when βT = (1, 1,−1), covariates are uncorrelated and the
expected censoring rate is 50%.

Model 1 Model 2 Model 3
MPL ITP MPL ITP MPL ITP

n = 4000
1.00(0.04)
1.00(0.04)
−1.00(0.04)

1.23(0.07)
1.23(0.07)
−1.23(0.07)

0.82(0.04)
0.82(0.04)

1.09(0.07)
1.09(0.07)

0.71(0.04) 1.05(0.06)

n = 1000
1.00(0.09)
1.00(0.09)
−1.00(0.09)

1.22(0.14)
1.23(0.14)
−1.22(0.15)

0.83(0.09)
0.83(0.09)

1.08(0.13)
1.09(0.13)

0.72(0.08) 1.03(0.12)

n = 100
1.03(0.30)
1.03(0.30)
−1.03(0.31)

1.20(0.45)
1.20(0.47)
−1.20(0.46)

0.85(0.29)
0.85(0.29)

1.04(0.42)
1.03(0.44)

0.73(0.28) 0.97(0.39)

n = 50
1.08(0.48)
1.10(0.46)
−1.07(0.48)

1.21(0.78)
1.24(0.72)
−1.19(0.75)

0.90(0.45)
0.91(0.44)

1.03(0.62)
1.05(0.62)

0.75(0.42) 0.94(0.56)

Table 9: Means and standard deviations (numbers in parentheses) of parameter estimates
in Models 1, 2 and 3 obtained using the maximum partial likelihood method (MPL) and
the iterative procedure (ITP), when βT = (1, 1,−1), covariates are correlated and the
expected censoring rate is 20%.

Model 1 Model 2 Model 3
MPL ITP MPL ITP MPL ITP

n = 4000
1.00(0.17)
1.00(0.07)
−0.99(0.17)

1.04(0.22)
1.05(0.10)
−1.04(0.22)

1.89(0.08)
1.08(0.07)

1.97(0.10)
1.13(0.09)

2.72(0.05) 2.86(0.06)

n = 1000
1.00(0.34)
1.00(0.15)
−1.00(0.34)

1.05(0.46)
1.04(0.19)
−1.03(0.46)

1.90(0.15)
1.08(0.14)

1.97(0.20)
1.12(0.19)

2.73(0.10) 2.86(0.13)

n = 100
0.94(1.20)
1.05(0.52)
−1.09(1.19)

0.94(1.53)
1.05(0.67)
−1.14(1.51)

1.90(0.53)
1.13(0.50)

1.94(0.69)
1.14(0.65)

2.75(0.34) 2.83(0.44)

n = 50
1.06(1.90)
1.08(0.80)
−0.99(1.94)

1.06(2.35)
1.09(1.00)
−1.00(2.37)

1.91(0.77)
1.14(0.75)

1.93(1.05)
1.16(0.95)

2.77(0.49) 2.83(0.78)

the bias of an estimator based on the iterative procedure increase with in-
creasing censoring rate. The discrepancies, however, are not very large. As
also seen in the tables, higher censoring level denotes larger standard errors
of both estimators. Nonetheless, as in the uncensored case, the variation of
the estimates produced by the maximum partial likelihood method is always
smaller.

The aforementioned observations hold true in both correlated and uncor-
related covariate cases and all of them except two regarding the consistency
and the biases of the two estimators also apply to the submodels of Model 1.
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Table 10: Means and standard deviations (numbers in parentheses) of parameter estimates
in Models 1, 2 and 3 obtained using the maximum partial likelihood method (MPL) and
the iterative procedure (ITP), when βT = (1, 1,−1), covariates are correlated and the
expected censoring rate is 50%.

Model 1 Model 2 Model 3
MPL ITP MPL ITP MPL ITP

n = 4000
1.00(0.21)
1.00(0.09)
−1.00(0.21)

1.19(0.33)
1.19(0.14)
−1.19(0.32)

1.89(0.10)
1.08(0.09)

2.26(0.15)
1.28(0.14)

2.72(0.07) 3.27(0.10)

n = 1000
1.00(0.43)
1.01(0.19)
−1.01(0.42)

1.19(0.65)
1.19(0.30)
−1.19(0.65)

1.90(0.19)
1.08(0.19)

2.25(0.30)
1.28(0.29)

2.73(0.13) 3.26(0.20)

n = 100
1.07(1.45)
1.02(0.66)
−0.99(1.48)

1.30(2.18)
1.14(0.96)
−1.17(2.19)

1.94(0.65)
1.08(0.63)

2.24(1.00)
1.21(0.92)

2.76(0.43) 3.19(0.66)

n = 50
1.04(2.43)
1.06(1.03)
−1.12(2.49)

1.06(3.40)
1.12(1.48)
−1.25(3.59)

1.99(1.03)
1.13(0.97)

2.20(1.51)
1.20(1.39)

2.82(0.67) 3.09(1.02)

A final observation is that, regardless of the censoring level, the parameter
estimates in Model 2 and Model 3 obtained using the iterative procedure are
always biased in the same direction (relative to the mean estimates in Model
1 ) as the corresponding maximum partial likelihood estimates.

6. Application

In this section, we illustrate the performance of the new estimation pro-
cedure on a real dataset containing information about the survival of 228
lung cancer patients from a clinical study at the Mayo Clinic, of whom 165
have observed death times and 63 are censored (Loprinzi et al., 1994; Th-
erneau and Grambsch, 2000). The covariates studied are: age, sex, physi-
cian’s estimate of the ECOG (Eastern Cooperative Oncology Group) perfor-
mance score (ph.ecog), physician’s assessment of the Karnofsky performance
score (ph.karno), the Karnofsky performance score as rated by the patient
(pat.karno), the number of calories consumed at meals (meal.cal) and the
amount of weight lost or gained in the last six months (wt.loss). 60 subjects
were excluded from the analysis due to missing covariate values. The final
dataset involves 168 observations, among which 47 are censored. As before,
we analyze both the censored and uncensored dataset.

Tables 11–12 show the results of fitting various models using the maxi-
mum partial likelihood method and the iterative procedure in the uncensored
and censored case, respectively. The first row in each table lists all the covari-
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ates whereas the columns 3–9 give the estimates of regression coefficients for
these variables in seven different models. For comparison purposes, we also
included the standard errors of the maximum partial likelihood estimates.
Model 1 uses all 7 covariates and the following models are obtained by suc-
cessively removing one covariate from Model 1. At each step, we eliminate a
covariate whose omission causes the strongest error in parameter estimates
of the remaining covariates. The dash (–) sign denotes that the variable is
not included in the current model.

Table 11: Parameter estimates in Models 1–7 fitted to the uncensored observations in the
lung cancer data using the maximum partial likelihood method (MPL) and the iterative
procedure (ITP). The numbers in parentheses are standard errors.

age sex ph.ecog ph.karno pat.karno meal.cal wt.loss

Model 1
MPL
ITP

0.00 (0.01)
0.01

-0.24 (0.21)
-0.36

0.24 (0.24)
0.26

0.00 (0.01)
0.00

-0.01 (0.01)
-0.01

0.00 (0.00)
0.00

-0.01 (0.01)
-0.01

Model 2
MPL
ITP

0.00 (0.01)
0.02

-0.24 (0.21)
-0.29

0.28 (0.24)
0.31

0.00 (0.01)
0.00

-0.01 (0.01)
-0.01

–
–

-0.01 (0.01)
-0.01

Model 3
MPL
ITP

0.01 (0.01)
0.02

-0.17 (0.20)
-0.25

0.26 (0.24)
0.30

0.01 (0.01)
0.00

-0.01 (0.01)
-0.01

–
–

–
–

Model 4
MPL
ITP

0.00 (0.01)
0.02

-0.17 (0.20)
-0.25

0.18 (0.16)
0.24

–
–

-0.01 (0.01)
-0.01

–
–

–
–

Model 5
MPL
ITP

–
–

-0.18 (0.20)
-0.30

0.19 (0.16)
0.28

–
–

-0.01 (0.01)
-0.01

–
–

–
–

Model 6
MPL
ITP

–
–

-0.23 (0.20)
-0.33

0.30 (0.13)
0.39

–
–

–
–

–
–

–
–

Model 7
MPL
ITP

–
–

-0.18 (0.20)
-0.26

–
–

–
–

–
–

–
–

–
–

Table 12: Parameter estimates in Models 1–7 fitted to the censored and uncensored
observations in the lung cancer data using the maximum partial likelihood method (MPL)
and the iterative procedure (ITP). The numbers in parentheses are standard errors.

age sex ph.ecog ph.karno pat.karno meal.cal wt.loss

Model 1
MPL
ITP

0.01 (0.01)
0.02

-0.55 (0.20)
-0.68

0.73 (0.22)
0.71

0.02 (0.01)
0.02

-0.01 (0.01)
-0.01

0.00 (0.00)
0.00

-0.01 (0.01)
-0.01

Model 2
MPL
ITP

0.01 (0.01)
0.01

-0.53 (0.20)
-0.69

0.44 (0.17)
0.44

–
–

-0.01 (0.01)
-0.01

0.00 (0.00)
0.00

-0.01 (0.01)
-0.01

Model 3
MPL
ITP

0.01 (0.01)
0.01

-0.54 (0.20)
-0.71

0.54 (0.15)
0.54

–
–

–
–

0.00 (0.00)
0.00

-0.01 (0.01)
-0.01

Model 4
MPL
ITP

0.01 (0.01)
0.02

-0.50 (0.20)
-0.65

0.45 (0.14)
0.52

–
–

–
–

0.00 (0.00)
0.00

–
–

Model 5
MPL
ITP

–
–

-0.51 (0.20)
-0.71

0.47 (0.13)
0.56

–
–

–
–

0.00 (0.00)
0.00

–
–

Model 6
MPL
ITP

–
–

-0.51 (0.20)
-0.67

0.48 (0.13)
0.60

–
–

–
–

–
–

–
–

Model 7
MPL
ITP

–
–

-0.48 (0.20)
-0.63

–
–

–
–

–
–

–
–

–
–

The results of this example are in a good agreement with the results from
the simulation experiments presented in Section 5. In most cases, the esti-
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mates of parameters in different models produced by the iterative procedure
vary from their respective maximum partial likelihood estimates, what may
be partially explained by the small sample size. The differences, however,
are not very significant as the new method’s estimates fall well within their
corresponding 95% confidence intervals around the maximum partial likeli-
hood estimates. The results also show that in both uncensored and censored
case the error in the parameter estimates of two consecutive models is not
unidirectional and fluctuates from model to model, which is due to the de-
pendence among the covariates (the correlation matrices of model variables
in the uncensored and censored case are given in Tables 13–14). Interest-
ingly, in the majority of cases, the signs of errors in coefficient estimates
between any two models resulting from the iterative procedure agree with
those obtained using the maximum partial likelihood method.

Table 13: Correlation matrix of covariates calculated from uncensored lung cancer data.

age sex ph.ecog ph.karno pat.karno meal.cal wt.loss
age 1.00 -0.14 0.22 -0.26 -0.15 -0.24 -0.04
sex -0.14 1.00 0.10 -0.09 0.04 -0.08 -0.17
ph.ecog 0.22 0.10 1.00 -0.84 -0.50 -0.14 0.07
ph.karno -0.26 -0.09 -0.84 1.00 0.52 0.09 -0.07
pat.karno -0.15 0.04 -0.50 0.52 1.00 0.16 -0.09
meal.cal -0.24 -0.08 -0.14 0.09 0.16 1.00 -0.08
wt.loss -0.04 -0.17 0.07 -0.07 -0.09 -0.08 1.00

Table 14: Correlation matrix of covariates calculated from censored lung cancer data.

age sex ph.ecog ph.karno pat.karno meal.cal wt.loss
age 1.00 -0.13 0.31 -0.33 -0.24 -0.24 0.05
sex -0.13 1.00 -0.01 -0.02 0.07 -0.17 -0.17
ph.ecog 0.31 -0.01 1.00 -0.82 -0.54 -0.11 0.18
ph.karno -0.33 -0.02 -0.82 1.00 0.53 0.06 -0.13
pat.karno -0.24 0.07 -0.54 0.53 1.00 0.17 -0.18
meal.cal -0.24 -0.17 -0.11 0.06 0.17 1.00 -0.11
wt.loss 0.05 -0.17 0.18 -0.13 -0.18 -0.11 1.00

7. Concluding remarks and future work

In this paper we introduced a new procedure for estimating the Cox pro-
portional hazards model. The method is iterative in nature and returns the
estimates of both the regression coefficients and the baseline cumulative haz-
ard function. As shown in the examples, the new approach imitates the
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standard maximum partial likelihood method when estimating both the cor-
rect and misspecified models based on uncensored survival data with time
invariant (dependent or independent) covariates. Work still needs to be done
to improve the properties of the new estimator in case of censored obser-
vations. The convergence of the iterative scheme also needs to be proved.
The main benefit of the new method is decomposing the error between the
coefficient estimates in two nested Cox models into the following compo-
nents: the coefficient estimates of the nonoverlapping covariates, the sam-
ple covariances between overlapping covariates and between overlapping and
nonoverlapping covariates, and the sample covariances between the overlap-
ping covariates and the two estimated log transformed baseline cumulative
hazard functions. We believe this result might help better understand the
influence of the dependencies among covariates on the specification error and
bias.
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