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Probability Distribution of Peaks
for Nonlinear Combination of
Vector Gaussian Loads
The problem of approximating the probability distribution of peaks, associated with a
special class of non-Gaussian random processes, is considered. The non-Gaussian pro-
cesses are obtained as nonlinear combinations of a vector of mutually correlated, sta-
tionary, Gaussian random processes. The Von Mises stress in a linear vibrating structure
under stationary Gaussian loadings is a typical example for such processes. The crux of
the formulation lies in developing analytical approximations for the joint probability
density function of the non-Gaussian process and its instantaneous first and second time
derivatives. Depending on the nature of the problem, this requires the evaluation of a
multidimensional integration across a possibly irregular and disjointed domain. A nu-
merical algorithm, based on first order reliability method, is developed to evaluate these
integrals. The approximations for the peak distributions have applications in predicting
the expected fatigue damage due to combination of stress resultants in a randomly vi-
brating structure. The proposed method is illustrated through two numerical examples
and its accuracy is examined with respect to estimates from full scale Monte Carlo
simulations of the non-Gaussian process. �DOI: 10.1115/1.2890404�

Keywords: random vibrations, peak distributions, non-Gaussian process, vector Gauss-
ian processes, nonlinear combination, expected fatigue damage
Introduction
The study of properties of random processes constitutes an im-

ortant aspect of time variant structural reliability analysis. For
tructures under randomly vibrating loads, the structure response
s a random process. Estimates on the safety of such structures are

ade by studying properties of these response processes, such as
he number of level crossings in a given time interval, the fraction
f time spent above specified threshold levels, the first passage
imes, the extreme value distributions and the probability distribu-
ion of the peaks �1�. Of these properties, the latter is of particular
nterest in estimating the fatigue damage in randomly vibrating
tructures �2,3�. This, in turn, is of use in predicting the lifetime of
xisting structures.

As in many areas of random vibration, estimates of the ex-
ected fatigue damage may be obtained via the Monte Carlo
ethod. It is well established that the Monte Carlo method offers

he best accuracy subject to the limitations of the size of the
amples considered in the analysis. However, high computational
osts and large data storage requirements often prove to be major
imitations in implementation of this technique. This is particu-
arly true in fatigue analysis, which usually involves analysis of
ong time histories. On the other hand, analytical methods, though
ften built on certain assumptions, provide elegant and easy to
ompute solutions, which have acceptable levels of accuracy.

In this study, we employ the peak-counting method, which is
ne of the simplest fatigue damage estimation techniques avail-
ble in the literature. The underlying principle of this method lies
n the assumption that fatigue damage occurs due to stress rever-
als, which, in turn, are associated with peaks in the structure
esponse time history. In the time domain analysis, this involves
ounting the number of peaks, corresponding to various stress
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levels, and estimating the fatigue damage corresponding to each
such peak. The total fatigue damage is obtained as a summation of
all such incremental damages. For random time histories, the total
fatigue damage is a random variable, for which the mean fatigue
damage is the simplest descriptor for the random fatigue. Estimat-
ing the mean fatigue damage corresponding to the peak-counting
method, using analytical methods, requires the knowledge of the
probability density function �pdf� of the peaks for the structure
response, modeled as a random process. This knowledge is, how-
ever, seldom available and is limited to certain classes of loadings.

The focus of this paper is on developing analytical approxima-
tions for the peak distributions for non-Gaussian loads, obtained
as nonlinear combinations of a vector of stationary Gaussian
loads. This, in turn, implies that one needs to develop approxima-
tions for the joint pdf’s for the non-Gaussian process, its first and
second time derivatives, at a given time instant. This information
is available in explicit form for Gaussian random processes and
expressions for their peak pdf are available in standard random
vibration textbooks �1,3,4�. On the other hand, for loads obtained
as nonlinear combination of Gaussian loads, even the marginal
pdf of the process is rarely available in explicit form. For a limited
class of non-Gaussian processes, a mathematical formulation has
been proposed in Ref. �5� for obtaining closed form expressions
for the joint pdf for the process and its instantaneous time deriva-
tive. Based on this formulation, the present authors have devel-
oped a strategy, which enables approximating the joint pdf of the
process and its instantaneous time derivative, for a wider class of
non-Gaussian processes obtained as a nonlinear combination of
vector Gaussian processes �6�. The formulations developed in
Refs. �5,6� are of use in estimating the probability of first passage
failures.

In this paper, we extend the formulation to develop approxima-
tion for the joint pdf of similar non-Gaussian processes and their
first and second time derivatives. This, in turn, leads to an ap-
proximation for the pdf of the peaks for the non-Gaussian process.
The approximations for the peak pdf are of use in estimating the
expected fatigue damage due to multiaxial loads in randomly vi-

brating structures.
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Formulation
We consider a class of non-Gaussian random processes, V�t�,

hich are obtained as nonlinear combinations or transformations,
f scalar/vector stationary Gaussian random processes �Xj� j=1

n .
hus, we represent V�t� as

V�t� = g�X1�t�, . . . ,Xn�t�� �1�

here, typically, g�·� is a deterministic, nonmonotonic function.
s is well known, the occurrence of a peak, at time t, over a

hreshold v, can be mathematically represented as

V�t� � v

V̇�t� = 0

V̈ � 0 �2�

hus, the probability distribution function �PDF� for peaks of V�t�
bove a threshold level v is dependent on the instantaneous joint

df of V�t�, V̇�t� and V̈�t�. Expressions for the PDF of peaks have
een developed in the literature �see Refs. �1,3� for a review� and
re given by

Ppv
�v;t� = 1 − P�pV � v� = 1 −

1

�
�

v

��
−�

0

�v̈�pVV̇V̈�v,0, v̈;t�dv̈dv

�3�

here pV are random variables denoting the peaks of the random
rocess V�t�,

� =�
−�

0

�v̈�pV̇V̈�0, v̈;t�dv̈ �4�

nd pVV̇V̈�·� is the instantaneous joint pdf for the process V�t� and

ts first and second time derivatives, denoted by V̇�t� and V̈�t�,
espectively. The corresponding pdf for the distribution of peaks
f V�t� is given by

ppv
�v;t� =

�Ppv
�v;t�

�v
=

1

�
�

−�

0

�v̈�pVV̇V̈�v,0, v̈;t�dv̈ �5�

s is evident from Eqs. �3�–�5�, a crucial aspect in evaluation of
hese integrals lies in the fact that the joint pdf pVV̇V̈�·� should be
vailable. However, in general, when V�t� is non-Gaussian, infor-
ation on the marginal pdf pV�v� or the joint pdf pVV̇V̈�v , v̇ , v̈� is

eldom available.
The crux of the present study, therefore, lies in developing ap-

roximations for the joint pdf pVV̇V̈�v ,0 , v̈�, which, in turn, leads
o an approximation for the peak density and distribution func-
ions for non-Gaussian processes of the type shown in Eq. �1�. In
eveloping the formulation, we first consider the simple case
hen V�t� is obtained as a nonmonotonic transformation of a sca-

ar stationary, Gaussian process. Subsequently, we extend the for-
ulation to the case where �Xj� j=1

n constitutes a n-dimensional
ector of mutually correlated, stationary Gaussian random pro-
esses in Sec. 2.2.

2.1 Scalar Case. We consider a stationary non-Gaussian ran-
om process V�t�, obtained as a nonmonotonic transformation of
tationary Gaussian process X�t�, such that,

V�t� = g�X�t��

˙ ˙
V�t� = g�X�t�
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V̈�t� = g�Ẋ2�t� + g�Ẍ�t� �6�

Here, g� and g�, respectively, denote the first and second deriva-
tives of g�·� with respect to X, at time t. The joint pdf pVV̇V̈�·� can
be expressed in terms of the joint pdf pXẊẌ�·� through the relation
�7�

pVV̇V̈�v, v̇, v̈� = 	
k=1

m
1

�J3�
pXẊẌ�xk, ẋk, ẍk� �7�

where J3 is the Jacobian matrix given by

J3 = 
��V/�X� ��V/�Ẋ� ��V/�Ẍ�

��V̇/�X� ��V̇/�Ẋ� ��V̇/�Ẍ�

��V̈/�X� ��V̈/�Ẋ� ��V̈/�Ẍ�
� �8�

the operator �·� denotes the absolute value of the determinant of a
matrix, and m is the number of solution sets for �xk , ẋk , ẍk� for the
set of simultaneous equations �6�, for given values of V�t�=v,

V̇�t�=0, and V̈�t�= v̈. It is obvious that m is the number of solu-
tions for xk=g−1�V�t�=v�. The derivatives g� and g�, in Eq. �6�,
are evaluated at X=xk. Thus, ẋk= �V̇�t�=0� /g� and is zero if g�

�0. The corresponding solution for ẍk= �V̈�t�= v̈� /g�. It must be
noted that in this formulation, a transformation is sought, which

maps �V , V̇ , V̈� into the �X , Ẋ , Ẍ�-space and requires the solution of
a set of three simultaneous equations defined in Eq. �6�.

Instead, an alternative form for writing pVV̇V̈�v , v̇ , v̈� is by map-

ping �V , V̇� into the �X , Ẋ�-space. Thus, we write

pVV̇V̈�v, v̇, v̈� = 	
j=1

r
1

�J2�
pXẊV̈�x�j�, ẋ�j�, v̈� �9�

where J2 is the Jacobian matrix given by

J2 = ���V/�X� ��V/�Ẋ�

��V̇/�X� ��V̇/�Ẋ�
 �10�

and �x�j� , ẋ�j�� are the solutions of the simultaneous equations v
=g�x� and v̇=g�ẋ. Now, Eq. �9� can be further written as

pVV̇V̈�v, v̇, v̈� = 	
j=1

r
1

�J2�
pV̈�XẊ�v̈�pXẊ�x�j�, ẋ�j�� �11�

Here, pXẊ�x , ẋ�= pX�x�pẊ�ẋ� is the joint pdf of the Gaussian pro-

cess X�t�, since X�t�� Ẋ�t�.
Now, it can be seen from Eq. �6� that when conditioned on

�X , Ẋ�, V̈�t� is a linear sum of a constant and Ẍ�t� and is hence

Gaussian with parameters �=E��V̈�XẊ� and �2=Var��V̈�XẊ�. Here,
the operators E�·� and Var�·� denote the mean and the variance,

respectively. It can be seen that Var��V̈�XẊ�= �g��Ẍ�2� and since

�J3�= ���V̈ /�Ẍ�J2�= �g�J2�, Eq. �11� leads to identical results as Eq.
�7�. The usefulness of the second approach is manifested when
g�·� is a function of vector Gaussian processes, and becomes clear
in the formulation taken up in the following section.

2.2 Vector Case. We now consider the case when V�t� is ob-
tained as a nonlinear combination of a n-dimensional vector of
mutually correlated, stationary Gaussian random processes, as
given in Eq. �1�. The first and second time derivatives of V�t� are
given by

V̇�t� = 	
n

gj�Ẋj�t� �12�

j=1

Transactions of the ASME

 license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



H
o

fi
t
s

U
a
p
t

�

I

g

�
u

V
E

p

H
s

�

a
o
t

S

f

�
i

H
v

J

Downlo
V̈�t� = 	
j=1

n

	
k=1

n

gjk� Ẋj�t�Ẋk�t� + 	
j=1

n

gj�Ẍj�t� �13�

ere, gj� and gjk� are, respectively, the first and second derivatives
f g�·� with respect to the components of X.

To proceed, we first introduce a set of transformations that had
rst been introduced in Ref. �5� in relation to the study of ex-

remes of random processes of the type defined in Eq. �1�. Using
imilar principles, we now rewrite

pVV̇V̈�v,0, v̈� =�
−�

�

¯�
−�

�

pX2¯XnẊ2¯ẊnVV̇V̈�x2, . . . ,xn, ẋ2, . . . , ẋn,v,

0, v̈�dx2 ¯ dxndẋ2 ¯ dẋn �14�
sing the standard technique of transformation of random vari-

bles, we seek the relationship between the joint pdf’s
X2¯Xn,Ẋ2¯ẊnVV̇V̈�·� and pX1¯Xn,Ẋ1¯ẊnV̈�·�. For a given time instant
, contributions to pVV̇V̈�v ,0 , v̈� can only come from points in

X , Ẋ�-space satisfying the two simultaneous equations, given by

g�X1,X2, . . . ,Xn� = v

	
j=1

n

gj�Ẋj = v̇ �15�

n principle, the simultaneous equations �15� can then be solved to

ive the only �X1 , Ẋ1� points that contribute for given values of

X2=x2 , . . . ,Xn=xn , Ẋ2= ẋ2 , . . . , Ẋn= ẋn�, as well as for given val-

es of V=v and V̇= v̇. Assuming that for fixed values of V=v and
˙ =0 there exists r solutions for �X1 , Ẋ1� from Eq. �15�, we rewrite
q. �14� in the form

VV̇V̈�v,0, v̈� = 	
j=1

r � � j ¯� 1

�J2�
pX1¯XnẊ1¯ẊnV̈�x1

�j�,x2, . . . ,xn, ẋ1
�j�,

ẋ2, . . . , ẋn, v̈�dx2 ¯ dxndẋ2 ¯ dẋn �16�

ere, � j is the domain of integration determined by the permis-
ible set of values �x2 , . . . ,xn , ẋ2 , . . . , ẋn� for each solution for

X1 , Ẋ1�. J2 is the Jacobian matrix given by

J2 = ���V/�X1� ��V/�Ẋ1�

��V̇/�X1� ��V̇/�Ẋ1�
 �17�

nd the operator � · � denotes the absolute value of the determinant
f the argument. Now, the joint pdf pX1¯XnẊ1¯ẊnV̈�·� can be writ-
en as

pX1¯XnẊ1¯ẊnV̈�x1, . . . ,xn, ẋ1, . . . , ẋn, v̈�

= pV̈�X,Ẋ�v̈�pX1¯XnẊ1¯Ẋn
�x1, . . . ,xn, ẋ1, . . . , ẋn� �18�

ince X�t� is a vector of stationary Gaussian random processes, it

ollows that Ẍ�t� is jointly Gaussian. From Eq. �13�, it is seen that

V̈�X,Ẋ is a linear sum of the components of Ẍ and is thus Gauss-
an with mean and variance, given by

�V̈�X,Ẋ = E�V̈�X = x,Ẋ = ẋ� = G�E�V̈� + Cov�Ẍ,Z�Cov�Z,Z�−1�z

− E�Z���

�
V̈�XẊ

2
= Var�V̈�X = x,Ẋ = ẋ� = G�Cov�Ẍ,Ẍ�

− Cov�Z,Ẍ��Cov�Z,Z�−1Cov�Z,Ẍ��G� �19�

ere, Z= �X , Ẋ�, Gj =gj, and the operator Cov�·� denotes the co-

ariance. Since appropriate linear transformations can transform a
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vector of nonzero mean, mutually correlated Gaussian processes
into a vector of zero-mean, mutually independent Gaussian pro-
cesses �8�, without loss of generality, it can be assumed that X
constitutes a vector of zero-mean, mutually independent, station-
ary Gaussian processes. This leads to the following simplified
forms for �V̈�XẊ=� and �V̈�XẊ=�. It follows that Eq. �18� can be
written in the form

pX1¯XnẊ1¯ẊnV̈�x, ẋ, v̈� =
1

�2	�
exp�−

�v̈ − ��2

2�2 �
j=1

n

�pXjẊj
�xj, ẋj��

�20�

where pXj
�xj� and pẊj

�ẋj� denote, respectively, the pdf’s of Xj and

Ẋj. When appropriate transformations have been applied such that
X constitutes a vector of zero-mean, mutually independent Gauss-
ian random processes, we write

pXjẊj
�xj, ẋj� =

1

2	� j�̃ j

exp�−
x2

2� j
2 −

ẋ2

2�̃ j
2 �21�

where � j and �̃ j are, respectively, the standard deviations of Xj

and Ẋj. It must be noted that for stationary Gaussian processes,

X� Ẋ. Substituting Eq. �20� in Eq. �16�, an expression for the joint
pdf pVV̇V̈�v ,0 , v̈� is obtained.

The next step in determining the pdf for peaks of V�t� lies in
evaluating expressions in Eqs. �3�–�5�. We first focus attention in
evaluation of the integral of the type in Eq. �5�. Substituting the
expressions for the joint pdf for pVV̇V̈�·�, we get

I�v� =�
−�

0

�v̈�pVV̇V̈�v,0, v̈�dv̈

= 	
j=1

m ��
�j

¯� pX1Ẋ1
�x1

j , ẋ1
�j��

�J2�


Gj�x, ẋ��
k=2

n

pXkẊk
�xk, ẋk�dx2 ¯ dxndẋ2 ¯ dẋn� �22�

where

Gj�x, ẋ� =�
−�

0

�v̈�pV̈�X,Ẋ�v̈�X = x,Ẋ = ẋ�dv̈ =�
−�

0

�v̈�
1

�2	�
exp�

−
�v̈ − ��2

2�2 dv̈ = −
1

2�	
�− �2� exp�−

�2

2�2�
− ��	 erf� �

�2�
� + ��	 �23�

Here, the function erf�x�= �2�0
x exp�−t2�dt� /�	. The constant � in

Eq. �4� can be evaluated, by integrating over v, as

� =�
−�

� �
−�

0

�v̈�pVV̇V̈�v,0, v̈�dv̈dv =�
−�

�

I�v�dv �24�

The primary difficulties involved in evaluating I�v� in Eq. �22�
are as follows:

• determining the domain of integration � j, defined by the

possible set of solutions for �X1
�j� , Ẋ1

�j��
• evaluation of the multidimensional integrals, which are of
the form

JUNE 2008, Vol. 130 / 031011-3
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I j =�
�j

¯� f�x1
�j�,x2, . . . ,xn, ẋ1

�j�, ẋ2, . . . , ẋn��
k=2

n

pXkẊk

�xk, ẋk�dx2 ¯ dxndẋ2 ¯ dẋn �25�

where f�·�= �J2�−1pX1Ẋ1
�x1

j , ẋ1
�j��Gj�x , ẋ�. The dimension of

the integrals in Eq. �25� is 2�n−1�.

In this study, we adopt a numerical strategy to overcome these
ifficulties. This is discussed in the following section.

Numerical Algorithm
A crucial step in the above formulation lies in evaluating inte-

rals of the type as in Eq. �25�. Closed form solutions for I j are
ossible only for a limited class of problems. Here, we propose
he use of Monte Carlo methods, in conjunction with importance
ampling to increase the efficiency, for evaluating these integrals.
quation �25� can be recast as

I j =�
−�

�

I�q�Z� � 0�f�Z�
pZ�z�
hZ̃�z�

hZ̃�z�dz =
1

N	
j=1

N

I�q�Z j�

� 0�f�Z j�
pZ�z j�
hZ̃�z j�

�26�

here Z= �X2 , . . . ,Xn , Ẋ2 , . . . , Ẋn�, hZ̃�·� is the importance sam-
ling pdf, and I�·� is an indicator function taking values of unity if
�Z��0, indicating that the sample lies within the domain of
ntegration � j, and zero otherwise. Since the problem is formu-
ated in the standard normal space Z, hZ̃�·� can be taken to be
aussian with unit standard deviation and shifted mean. The dif-
culty, however, lies in determining where should hZ̃�·� be cen-

ered. An inspection of Eq. �26� reveals that the form of the inte-
rals is similar to reliability integrals, which are of the form

I j =�
−�

�

I�q�Z� � 0�pZ�z�dz �27�

his implies that for efficient computation of the integrals, the
mportance sampling pdf hZ̃�·� may be centered around the design
oint �9,10� for the function q�Z�=0. If q�Z� is available in ex-
licit form, first order reliability methods �9,10� can be used to
etermine the design point. If q�Z� is not available explicitly, an
daptive importance sampling strategy �11� can be adopted to de-
ermine the design point. In certain problems, the domain of inte-
ration, characterized by q�Z�=0, may consist of multiple design
oints or multiple regions, which contribute significantly to I j.
his is especially true when q�Z�=0 is highly nonlinear, irregular,
r consists of disjointed regions. In these situations, it is necessary
o construct a number of importance sampling functions, with
ach function centered at various design points �12�. Techniques
or determining multiple design points and regions of comparable
mportance have been discussed in the literature �12–15�.

The steps for implementing the algorithm for numerical evalu-
tion of integrals of the type in Eq. �25�, have been developed in
n earlier study by the present authors, with reference to develop-
ent of extreme value distributions of non-Gaussian random pro-

esses �6�. However, for the sake of completeness, the sequential
teps for implementing the algorithm are detailed below, with ref-
rence to the schematic diagram in Fig. 1.

1. Carry out pilot Monte Carlo simulations in the standard nor-
mal space. If there are too few samples in the failure do-
main, we carry out Monte Carlo simulations with a Gaussian
importance sampling function with mean zero and a higher
variance. On the other hand, if there are too few samples in

the safe region, the variance of the importance sampling

31011-4 / Vol. 130, JUNE 2008
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function is taken to be smaller. Repeat this step, till we have
a reasonable number of samples in the failure and in the safe
regions.

2. We sort the samples lying in the failure domain according to
their distance from the origin.

3. A Gaussian importance sampling pdf is constructed, which
is centered at the sample in the failure domain lying closest
to the origin. Let this point be denoted by d0 and its distance
from the origin be denoted by �0.

4. We check for samples in the failure domain, within a hyper-
sphere of radius �1, �1−�0=�, where � is a positive number.

5. For samples lying within this hypersphere, we check for the
sample d1, which lies closest to the origin but is not located
in the vicinity of d0. This is checked by comparing the di-
rection cosines of d1 and d0.

6. By comparing the direction cosines of all samples lying
within the hypersphere of radius �1, we can identify the
number of design points. We construct importance sampling
pdf’s at each of these design points. If there exist no samples
with direction cosines distinctly different from d0, there is
only one design point and a single importance sampling pdf
is sufficient.

7. During importance sampling procedure corresponding to a
design point, for each sample realization, we check if x1 and
ẋ1 expressed in terms of the random variables �Z1 , . . . ,Z2n−2�
are real. The indicator function is assigned a value of unity if
real, and zero otherwise.

8. An estimate of I j is obtained from Eq. �26�.

4 Expected Fatigue Damage
The approximate models for the peak density functions for the

non-Gaussian loads can now be used to estimate the fatigue dam-
age due to these loads. As is well known, fatigue damage occurs
due to stress reversals and hence counting the number of cycles
for a particular load constitutes an important aspect in fatigue
analysis. The incremental fatigue damage due to a loading is pro-
portional to the amplitude of a cyclic load and the total fatigue
damage is estimated by assuming a suitable damage accumulation
rule, such as the Palmgren–Miner’s hypothesis �2�. Here, the fa-
tigue damage at time t, denoted by D�t�, due to loading V�t�, is
given by the relation

D�t� = 	
j=1

V�t�

sj
� �28�

where  and � are material properties, determined from experi-
ments and s denotes the stress levels for the counted cycles. For
random loads, the definition of a cycle, however, is not obvious.

Fig. 1 Schematic diagram for numerical algorithm for evaluat-
ing multidimensional integrals: q„x1 ,x2…=0 is the limit surface
in the X1−X2 random variable space, and hY1

„y1… and hY2
„y2… are

two importance sampling pdf’s; two design points at distance
� from the origin
In these situations, the fatigue damage caused by a random load is

Transactions of the ASME

 license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



e
v
b
b

w
o
f
a
s

d
c
i
w
p
b
r
c
o
t
e
m

c
a
c
l

S
c
t
r
E
u
i
p
b

�
fi

c

T
�
V

S
f
b
a
a

J

Downlo
valuated after estimating the number of cycles corresponding to
arious stress levels. Applying the Palmgren–Miner’s rule, it can
e shown that the expected fatigue damage per unit time, denoted
y E�d�t��, is given by the relation �16�

E�d�t�� = �a�
0

�

s�pa�s�ds �29�

hen the effect of mean stress is neglected. Here, pa�·� is the pdf
f the random amplitude levels, �a is the mean rate of occurrence
or cycle denoted by �u ,v�, with u�v such that u denotes a peak
nd v the corresponding valley in a completed cycle of a random
tress history and the amplitude is defined as s= �u−v� /2.

As is well known, the estimate of the expected fatigue damage
epends on the cycle counting method. Of the various cycle
ounting schemes available in the literature, the rain-flow count-
ng scheme leads to estimates, which have the best agreement
ith those observed in experiments. However, the simplest ap-
roach is the peak-counting method, where a peak and a neigh-
oring valley are assumed to constitute a cycle. This, in turn,
equires the knowledge of the joint pdf puv�·�. Also, since each
ycle is associated with a peak, �a=�p, where �p is the mean rate
f occurrence of peaks. Determining the joint pdf puv�·� even for
his simple case is not straightforward and, only recently, some
xpressions have been developed for the special class of zero-
ean, stationary Gaussian processes �17�.
In this study, we consider a simpler model for the peak-

ounting method that has been used in the literature. Here, it is
ssumed that the damage is related to the peak distribution be-
ause its positive part agrees with the amplitude distribution. This
eads to the following expression for E�d�t��:

E�d�t�� = �̃p�
0

�

s�pp�s�ds �30�

ince the peaks below zero are neglected, the expected number of
ycles �a is lower than the expected number of peaks �p. To take
his into account, we use �̃p in Eq. �30�, which denotes the mean
ate of occurrence of the positive peaks. We caution the reader that
q. �30� gives an approximation for the true fatigue damage. We
se Eq. �30� in this study, primarily to demonstrate the applicabil-
ty of the developed peak distribution function for a non-Gaussian
rocess. Examining the quality of this approximation is, however,
eyond the scope of this paper.

We next need to estimate �̃p. As a first step, we evaluate
p—the mean rate of occurrence of all peaks. This is equivalent to
nding the mean rate of downcrossings of level zero by the pro-

ess V̇�t� and is given by the celebrated Rice’s formula �18�

�p = −�
−�

0

v̈pV̇V̈�0, v̈;t�dv̈ = −�
−�

� �
−�

0

v̈pVV̇V̈�v,0, v̈;t�dv̈dv

�31�

his is equivalent to Eq. �4� and has already been evaluated in Eq.
24�. Using similar reasoning and since positive peaks imply
�t��v�0, the expression for �̃p can be obtained from

�̃p = −�
0

��
−�

0

v̈pVV̇V̈�v,0, v̈;t�dv̈dv =�
0

�

I�v�dv �32�

ince the processes are assumed to be stationary, the expected
atigue damage due to a load process of time duration T is given
y E�D�T��=TE�d�t��. In the following section, we illustrate the
pplicability of the proposed method through two numerical ex-

mples.
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5 Numerical Examples and Discussions
The applicability of the proposed method is illustrated through

two numerical examples. The first example, is a contrived numeri-
cal example where we assume that the function g�·� in Eq. �1� is
linear. We use this example to focus on the numerical aspects of
the proposed method. In the second example, we compute the
peak distribution for the developed Von Mises stress at a specified
location of a seismically loaded nuclear power plant.

5.1 Example 1: Peak Distribution for a Gaussian Process.
We consider the compound process

V�t� = 	
j=1

3

Xj�t� = g�X1�t�,X2�t�,X3�t�� �33�

where �Xj�t�� j=1
3 are assumed to be zero-mean, mutually indepen-

dent, stationary Gaussian processes, with specified power spectral
density �PSD� functions given by

Sjj��� =
Sj

2

�	 j

1

�2� j� j�2 + ��2 − � j�2 exp�−
�2

�� j
, j = 1,2,3

�34�

Here, we assume that Sj = j�2, � j =100j, �1=4	, �2=10	, �3
=20	, and �=4. Since V�t� is a linear combination of �Xj�t�� j=1

3 , it
is a zero-mean, stationary Gaussian random process with PSD
SVV���=	 j=1

3 Sjj���. A closed form analytical expression for the
pdf of the peaks �p� for V�t� is available �3� and is given by

pp�u� =
�1 − 2

2

�2	�
exp�−

�u − ��2

2�1 − 2
2��2 +

2�u − ��
2�2 exp�

−
�u − ��2

2�2 �1 + erf� 2�u − ��

��2�1 − 2
2�
� �35�

where � and � are the mean and standard deviations of V�t�, 2

=�2 /��0�4 is a bandwidth parameter defined in the range zero to
unity, and � j are the spectral moments given by

� j = 2�
0

�

� jSVV���d�, j = 0, . . . ,4 �36�

We compare the predictions made by the proposed method with
the exact solution given by Eq. �35�, in Fig. 2. We observe that the
predictions by the proposed method compare quite well with those
obtained from Eq. �35�. However, when the function g�·� is non-
linear, it is not always possible to obtain a closed form expression
for the peak density function. In such cases, the predictions made
by full scale Monte Carlo simulations serve as the benchmark. In
the Monte Carlo method, we digitally simulate an ensemble of
time histories for the component processes �Xj�t�� j=1

3 and compute
V�t� from Eq. �1�, using the spectral decomposition method
�21,22�. Next, we use the WAFO toolbox �23�, to extract the peaks
corresponding to each sample time history of V�t�. Subsequently,
by statistical processing of the extracted peaks, we construct the
peak density function for V�t�. The peak density function con-
structed in this manner is subject to statistical fluctuations. How-
ever, as the ensemble size �N� is increased, the statistical fluctua-
tions die down leading to stable estimates for the peak density
function. This is illustrated in Fig. 2. We see that the pdf con-
structed using N=20 and N=200 is subject to large fluctuations,
though the fluctuations for N=200 are relatively smaller. Increas-
ing the ensemble size further tenfold, we observe that the pdf with
N=2000 leads to a fairly smooth pdf and compares very well with
the exact pdf. This lends credence to the belief that the Monte
Carlo method can serve as a benchmark to compare the predic-
tions obtained by the proposed method, in situations where a

closed form expression for the peak pdf is not available.
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While it is difficult to a priori determine the ensemble size N
uch that the estimates obtained are stable, a reasonable criterion
or determining N could be given by

	
i=1

M

�pNj
�ui� − pNj−1

�ui��2 � � �37�

here M denotes the number of discretized segments of the argu-
ent �the x-axis� for the peak pdf, pNj

�ui� denotes the abscissa for
he peak pdf corresponding to the ith argument, obtained with a
ample size of Nj, and � is a tolerance limit. It is obvious that

i=1
M �pNj

�ui�− pNj−1
�ui��2 asymptotically approaches zero as N in-

reases. It must be noted that simulation of N samples of a time
istory of duration T seconds is equivalent to simulating a single
ime history of duration NT seconds and the associated computa-
ional problems are identical in both cases.

Since in the next example, we benchmark the predictions of the
roposed method with full scale Monte Carlo simulations, it is
ppropriate to consider the sources of error in the proposed
ethod also. It must be emphasized here that the expression for

he joint pdf pVV̇V̈�v ,0 , v̈� in Eq. �20� is exact assuming that Eq.
15� can be solved exactly. Then, the approximation in evaluating
p�u� �see Eq. �5�� lies in the evaluation of the numerator �Eq.
22�� and the denominator �Eq. �24��. In this paper, we employ the

onte Carlo method to estimate the multidimensional integral in
q. �22� and the convergence rate of the associated errors is of the
�N1/2�. However, in situations where exact solutions for Eq. �15�

re neither available nor straightforward, appropriate numerical
lgorithms need to be employed to determine the solutions. These
umerical solutions have errors, which are dependent on the error
olerances used in the algorithms. Moreover, in situations where
here exist multiple solutions, depending on the nonlinearity in-
olved and the tolerance levels of the algorithms, there is a pos-
ibility that some solutions could be missed. However, in most
ractical problems, it is usually easy to determine the number of
ossible solutions and search accordingly. A further source of er-
or in evaluating I�v� lies in numerically determining the domain
f integration � j in Eq. �22�. Application of FORM in identifying
he design points for centering the importance sampling pdf’s in-
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Fig. 2 Probability density func
roduces further numerical errors. However, if the sample size N is
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sufficiently large, most of these errors turn out to be quite small.
In this study, we have considered N=1
106. While computing
the denominator from Eq. �24�, there are three sources of errors:
�a� since the integrand is the estimate of the multidimensional
integration of Eq. �22�, the associated error gets carried over, �b�
error associated with the numerical scheme used in the integra-
tion, and �c� the cut-off points considered for the integration range
and the number of discrete points considered within the interval
while evaluating the integral. In this paper, we have chosen the
cut-off points �vi�, such that, I�vi� /Imax�v���, where v lies
within the range defined by the cut-off points, Imax�v� is the maxi-
mum value of I�·� evaluated within the range, and � is a pre-
scribed tolerance limit of O�10−4�.

The parameters �� j� j=1
3 in Eq. �34� are varied so that one can

observe the performance of the proposed method as a function of
the spectral bandwidth of the process V�t�. The bandwidth of the
process V�t� is measured according to the definition in Ref. �25�
and is given by

q =�1 −
�1

2

�0�2
�38�

Figure 3 illustrates the peak pdf for two cases, q=0.4771 and q
=0.3333. It can be observed that the proposed method leads to
fairly good match with the exact. This seems to indicate that at
least for Gaussian processes, the spectral shape of the process
does not have much of a bearing with the accuracy of the pro-
posed method.

The CPU time required by the proposed method is 23.31 s. In
contrast, the CPU times consumed in the Monte Carlo simulations
are 11.83 s, 118.70 s, and 1458.5 s when the sample sizes are,
respectively, 20, 200, and 2000. Thus, in this example, the pro-
posed method requires approximately 2% of the CPU time re-
quired for full scale Monte Carlo simulations. The computational
effort required in the proposed method is significantly less in com-
parison with the full scale Monte Carlo simulations for two rea-
sons: �a� The proposed method requires digital simulation of a
vector of standard normal random variables, which is straightfor-
ward and requires much less memory space than simulating a

0.2 0.4 0.6 0.8 1
p

Exact
Monte Carlo N = 2000
Monte Carlo N = 200
Monte Carlo N = 20
Proposed Method

s for peaks for V„t…, example 1
tion
vector of random processes. �b� Using the proposed method, the
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eak pdf needs to be evaluated at a few points and the full pdf
ay be obtained by interpolation. On the other hand, in the full

cale Monte Carlo method, the ensemble size N has to be suffi-
iently large for the statistical fluctuations to die down before one
an have stable estimates of the peak pdf.

5.2 Example 2: Peak Distribution for Von Mises Stress in
Seismically Excited Structure. We seek the expected fatigue

amage due to the Von Mises stress, V�t�, developed at the base of
support for a fire-water pipeline, in a seismically excited nuclear
ower plant. The earthquake ground accelerations, specified at the
eactor base level, are modeled as a vector of stationary Gaussian
andom processes and are characterized through the PSD matrix,
efined along the principal components of the seismic excitations.
he principal components are assumed to be inclined at a speci-
ed angle in the horizontal plane with respect to the coordinate
ystem, in which the reactor structure is modeled. Thus, an appro-
riate transformation leads to the fully populated PSD matrix for
he seismic accelerations at the reactor base. In the analysis pro-
edure adopted, the reactor building, the piping structure at a
pecified level, and the supporting structure considered in the fa-
igue analysis are, respectively, assumed to be the primary, sec-
ndary, and tertiary structures. Finite element �FE� method has
een used to model these structures; see Ref. �19� for details on
hese FE models and the analysis procedure. A random vibration
nalysis is carried out to determine the auto- and cross-PSD func-
ions for the absolute ground accelerations at the piping floor
evel. Here, all the three components turn out to be mutually cor-
elated. The piping structure considered has 21 similar supporting
tructures. A schematic diagram of one of these supports is shown
n Fig. 4. In the FE model used for the piping structure, the sup-
orts are represented as a set of discrete linear springs. The PSDs
f the transverse forces imparted on the supports by the pipes due
o earthquake loading are computed using random vibration analy-
is on the piping structure FE model. These PSDs are used as
nputs in the random vibration analysis of the supports. The details
f these calculations are available in Refs. �19,20�. In this ex-
mple, we consider the fatigue damage in one such support.

The support, built up of two channel sections �see Fig. 4�, is
odeled as a cantilever beam. Q1�t� and Q2�t� are reaction forces
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Fig. 3 Effect of shape factor of SVV„
ransmitted from the piping structure to the pipe support structure.
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The analysis has been carried out by assuming a plane-stress
model for the support structure. Thus, the stress vector is assumed
to consist of three nonzero components �Yi�t��i=1

3 . Since the exci-
tations have been assumed to be zero-mean Gaussian processes
and structure behavior is assumed to be linear, the stress compo-
nents �Yi�t�� constitute a vector of zero-mean, mutually correlated,
Gaussian random processes. The auto- and cross-PSD functions of
these stress components, Sij���, �i , j=1,2 ,3�, are obtained from a
random vibration analysis. Figure 5 illustrates the auto-PSD func-
tions of the stress components �Yi�t��i=1

3 and the magnitudes of
their cross-PSDs. The bandwidths of the processes �Yi�t��i=1

3 , mea-
sured in terms of the spectral parameter q in Eq. �38�, are, respec-
tively, 0.4796, 0.4762, and 0.4315. This indicates that the pro-
cesses �Yi�t��i=1

3 lie in between the spectrum of strictly narrow-
band and strictly broad-band �white noise� processes.

The Von Mises stress, V�t�, is related to the stress components
�Yi�t��i=1

3 through the relation

V�t� = �Y1
2�t� + Y2

2�t� + 3Y3
2�t� − Y1�t�Y2�t��0.5 �39�

Thus, V�t� is a stationary non-Gaussian random process whose pdf
is not known. The time derivative and the double time derivative
of V�t� are given by

1 1.5 2 2.5
p

Exact (q = 0.4771)
Monte Carlo (q = 0.4771)
Proposed Method (q = 0.4771)
Exact (q = 0.3333)
Monte Carlo (q = 0.3333)
Proposed Method ( q = 0.3333)

on pdf for peaks for V„t…, example 1

4

6.6

Q 1

Q
2
(t)

(t)

1500

1

2

3

Fig. 4 Schematic diagram of the support for the fire-water sys-
tem in a nuclear power plant, all dimensions are in mm; ex-
�…
ample 2
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V̇�t� =
1

2V
�2Y1Ẏ1 + 2Y2Ẏ2 + 6Y3Ẏ3 − Ẏ1Y2 − Y1Ẏ2� �40�

V̈ = −
V̇2

V
+

1

2V
�2Ẏ1

2 + 2Y1Ÿ1 + 2Ẏ2
2 + 2Y2Ÿ2 + 6Ẏ3

2 + 6Y3Ÿ3 − Ÿ1Y2

− 2Ẏ1Ẏ2 − Y1Ÿ2� �41�

t any instant of time, Y= �Y1 ,Y2 ,Y3� constitute a vector of mu-
ually correlated random variables with covariance matrix CY
LL�. Here, the superscript, �, denotes matrix transpose operator
nd L is the lower triangular matrix obtained by Cholesky decom-
osition of CY. Using the transformation Y=LX enables express-
ng V, at any time instant t, in terms of a vector of mutually
ndependent Gaussian random variables X= �X1 ,X2 ,X3�. Assum-

ng that at a time instant t, X2=x2, X3=x3, Ẋ2= ẋ2, Ẋ3= ẋ3, V=v,

nd V̇=0, solutions for X1 are obtained from the solution of the
quation

X1
2 + �X1 + � = 0 �42�

here

 = L11
2 + 3L31

2 + L21
2 − L11L21

� = �2L22L21 − L11L22�x2 + 6L31�L32x2 + L33x3�

� = 3�L32x2 + L33X3�2 + L22
2 x2

2 − v2 �43�

ere, the subscripts i and j in Lij denote, respectively, the ith row
nd jth column of matrix L. It is evident from Eq. �42� that real
olutions are obtained when �2−4��0. This condition also de-
nes the domain of integration, which leads to admissible solu-

ions for X1. Equation �42� being quadratic in X1, there exist two
olutions for X1= �−����2−4�� / �2�. The corresponding pair

f solutions for Ẋ1=−�n /�d, where
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Fig. 5 Power spectral density functio
of the cantilever, example 2
�n = 2L44y1 + 2L54y2 + 6L64y3 − L44y2 − L54y1
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�d = 2y1�L41x1 + L42x2 + L43x3� + 2y2�L51x1 + L52x2 + L53x3

+ L55ẋ2� + 6y3�L61x1 + L62x2 + L63x3 + L65ẋ2 + L66ẋ3�

− y2�L41x1 + L42x2 + L43x3� − y1�L51x1 + L52x2 + L53x3 + L55ẋ2�
�44�

The mean and the variance for the conditioned random variable
�V�YẎ are computed from Eq. �19�, where

� = �2ẏ1
2 + 2ẏ2

2 + 6ẏ3
2 − 2ẏ1ẏ2�/�2v�

�2 = 	
j=1

3

	
k=1

3

bjbkE�Ÿ jŸk� �45�

where b1= �2y1−y2� / �2v�, b2= �2y2−y1� / �2v�, and b3=6y3 / �2v�.
The expectations, E�ŸiŸ j�, are obtained from the auto- and cross-
PSD of the components of �Y j� j=1

3 , and are expressed as

E�ŸiŸ j� = R��
−�

�

�4Sij���d�� �46�

Here, the operator R�·� denotes the real part when i� j and is
superfluous when i= j.

The integrals I j that need to be solved are now four-
dimensional and the domain of integration � j is defined by the
region in the four dimensional space spanned by the vector

�X2 ,X3 , Ẋ2 , Ẋ3�, such that �2−4��0. We now implement the
numerical algorithm, discussed in sec. 3, to evaluate the integrals.
We observe that each � j is characterized by two design points. In
constructing the Gaussian importance sampling pdf for X2 and X3,
we assume that the mean to be situated at this design point is
obtained from the algorithm. The variance is taken to be such that
the coefficient of variation is equal to 0.60. From the formulation,
it can be seen that no computational efficiency is achieved by

constructing importance sampling pdfs for Ẋ2 and Ẋ3. Thus, the
importance sampling pdf is two-dimensional only. We construct a
vector of mutually independent, Gaussian random variables con-
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btained by computing the mean, from Eq. �26�, for various val-
es of v. The constant �, in Eq. �24�, is subsequently computed
umerically by applying the trapezoidal rule of integration. The
df and the corresponding PDF, for the peaks for V�t�, estimated
sing the proposed method, are, respectively, shown in Figs. 6 and
. These results are compared with the pdf and PDF of the peaks
or V�t� obtained from full scale Monte Carlo simulations on an
nsemble of size 2000 samples. In the Monte Carlo method, from
he knowledge of the PSD matrix of �Y j�t�� j=1

3 , we construct an
nsemble of vector of mutually correlated processes �Y j�t�� j=1

3 us-
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ing the well-known spectral decomposition method �21,22�. Sub-
sequently, samples of V�t� are obtained by applying the transfor-
mation in Eq. �39�. Using the WAFO toolbox �23�, we estimate
the peaks corresponding to each sample time history of V�t�. Sub-
sequently, statistical processing of the peaks, we construct the pdf
and the corresponding PDF. These serve as the benchmark, with
which we compare the predictions made by the proposed method.
As can be seen from Figs. 6 and 7, the predictions compare fa-
vorably with those obtained from Monte Carlo simulations. The
slight overestimation of the peak pdf using the proposed method

1 1.2 1.4 1.6 1.8 2

/mm2

Monte Carlo (N = 2000)
Monte Carlo ( N = 200)
Monte Carlo (N =20)
Proposed Method

the peaks of Von Mises stress, ex-
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Monte Carlo
Proposed Method

the peaks of Von Mises stress, ex-
p, N

for
p, N
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an be attributed to the numerical errors in computing � when a
oarse grid is used for the numerical integration in Eq. �24�. This
rror can be minimized by considering a finer grid size; see Fig. 8
here a comparison of the predicted peak pdf is illustrated when

he pdf is evaluated at 10, 20, 50, and 100 points, respectively.
owever, in most practical situations, the error involved is too

mall to be of much significance, especially in view of the in-
reased computational cost.

We also investigate the statistical stability of the solution ob-
ained from Eq. �26� and its dependence on the sample size of the
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vector of random variables and the coefficient of variation �cov�
of the importance sampling pdf. Figures 9 and 10 compare the
predicted peak pdfs using the proposed method for different val-
ues of Cov when the sample sizes are, respectively, 1
104 and
1
106. We observe that the predictions are sensitive to changes
in Cov values when 1
104 samples are used. This can be attrib-
uted to the fact that the importance sampling variance influences
the number of samples lying within the integration domain and a
smaller sample size leads to statistical fluctuations. These fluctua-
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Downlo
ions die down when the sample size is increased and this is illus-
rated in Fig. 10, where it is observed that the sensitivity of the
mportance sampling pdf is much less. Therefore, a criterion for
scertaining whether the sample size is large enough could be by
hecking the sensitivity of the solution for the integral in Eq. �26�
or different values of Cov for the importance sampling pdf. If
hanging the Cov has a little effect on the estimate, one can accept
he sample size to be sufficiently large. This check may be applied
t a single point only.

In Fig. 6, we also present the estimated pdf obtained when the
ample sizes in the full scale Monte Carlo simulations are N
200 and N=20. The CPU time required using the proposed
ethod is 106.95 s when the peak pdf is evaluated at 10 points

nd is 198.74 s when evaluated at 20 points. The required CPU
imes for Monte Carlo simulations are 34.02 s, 341.13 s, and
737.30 s when the sample sizes are, respectively, 20, 200, and
000. From Fig. 6, we observe that the accuracy obtained by
onte Carlo simulations when N=200 is quite acceptable. This

mplies that the savings in CPU time using the proposed method is
bout 70–40%.

For the sake of illustration, we consider hypothetical values for
he fatigue constants in Eq. �30� and assume that =1
10−2 and
=2. The resultant expected fatigue damage, for a loading of time
uration T=20 s, is found to be 0.0225. Note that V�t� being a
trictly positive random process, all peaks are positive and hence

p= �̃p. The corresponding expected fatigue damage obtained from
onte Carlo simulations, when the peak-counting method as

iven in Eq. �30� is employed, turns out to be 0.0294.

Concluding Remarks
A methodology has been developed for approximating the pdf

nd PDF for the peaks of a special class of non-Gaussian loads,
btained as nonlinear combination of a vector of mutually corre-
ated, stationary Gaussian random processes. This, in turn, re-
uired developing models for the joint pdf for the non-Gaussian
rocess, and its first and second time derivatives. The developed
odels for the peak pdf for the non-Gaussian processes have sub-
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Fig. 10 Probability density functions
using the proposed method, with sam
equently been shown to be useful in estimating the expected
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fatigue damage when the peak-counting method is employed to
estimate the equivalent number of cycles in the random load.

A key feature in the development of the proposed method lies
in the assumption that for high thresholds, the number of level
crossings of a non-Gaussian process can be modeled as a Poisson
point process. The assumption of the outcrossings being Poisson
distributed has been proved to be mathematically valid for Gauss-
ian processes when the thresholds asymptotically approach infin-
ity �24�. However, it has been pointed out that for threshold levels
of practical interest, this assumption results in errors whose size
and effect depend on the bandwidth of the processes �25�. While it
can be heuristically argued that for high thresholds, the outcross-
ings of non-Gaussian processes can be viewed to be statistically
independent and hence can indeed be modeled as a Poisson point
process, to the best of the authors’ knowledge, studies on the
validity of this assumption do not exist in the literature. The ap-
proximations developed in this paper are thus expected to inherit
the associated inaccuracies and limitations, due to this assump-
tion.

It is well known that the peak-counting method provides a con-
servative estimate of the expected fatigue damage. Studies on the
more accurate rain-flow fatigue damage due to non-Gaussian
loads obtained as nonmonotonic transformations of a scalar
Gaussian load and a nonlinear combination of vector Gaussian
loads have been recently carried out �26,27�. Nevertheless, the
proposed method provides a fast and computationally cheap esti-
mate for the expected fatigue damage. These results can subse-
quently be used to predict the lifetime of aging structures.

It must be emphasized here that the savings in CPU time using
the proposed method when compared with Monte Carlo simula-
tions would depend on the complexity of the problem, the type of
nonlinear function in Eq. �1�, and the difficulty involved in nu-
merically establishing the domain of integration in Eq. �25�. In
fact, for certain problems, it might be quite infeasible to use the
proposed method, especially if the solution of the nonlinear equa-
tions in Eq. �15� becomes too complex. Thus, while the Monte
Carlo simulation technique provides the only solution method for
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many complicated problems, for certain limited class of problems,
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he proposed method provides an alternative �and perhaps less
omputationally demanding� technique. The proposed method
eeds to be viewed accordingly.
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