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Abstract

The Multivariate Generalized Burr–Gamma distribution is used to model jointly the daily

maximum wind data measured at four stations in The Netherlands. The main aim is to

estimate high quantiles and tail probabilities based on a statistical model which includes

covariate information such as wind direction. We discuss the advantages of such a multiple

station approach in cases where the stations are not too distant and are therefore subject to a

single meteorological mechanism for producing extreme winds.

r 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

In the structural design of buildings, an accurate description of wind loads is of
large importance [1]. Extreme value analysis of historical wind data is usually
performed to derive design wind speeds for future use. Many building codes (such as
see front matter r 2004 Elsevier Ltd. All rights reserved.
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Eurocode 1, ISO and ASCE) have maps of the once in 50 or once in 100 year hourly
mean wind speed [2]. Palutikof et al. [3] reviewed methods to calculate extreme wind
quantiles, including ‘classical’ methods based on the generalized extreme value
(GEV) distribution and the generalized Pareto distribution (GPD), and approaches
designed specifically to deal with short data sets. In this paper a more flexible and
multivariate model is proposed for the estimation of joint extreme quantiles and tail
probabilities. By including several wind measurement stations in the analysis at the
same time, more information to the model is added than in the traditional univariate
single-station analyses.

The method presented in this paper is designed for analyzing wind speed and wind
direction at multiple stations in one large statistical model. This is in contrast with
the multiple station analysis of Peterka [4] and Peterka and Shahid [5]. In those
papers a regionalisation approach has been used in which stations with short records
were combined to superstations with long records in order to decrease the statistical
uncertainty (or sampling error) of the fitted type I extreme value distributions. As a
consequence this method leads to a significant reduction in the sampling error, but
the assumption that the individual stations indeed may be treated as statistically
independent and combined to one superstation can be questioned in cases as the one
considered here. Sampling errors in the proposed modelling approach of this paper
are higher, but assumptions concerning the statistical properties of the individual
stations are relaxed. (IDD is not necessary)

Ten day maximum wind strengths and their directions recorded at four stations in
The Netherlands for the period January 1, 1961 to December 31, 1999, were used in
this analysis. Wieringa and Rijkoort [6] show that the measurement stations in the
Netherlands have the same meteorological mechanism for producing extreme winds,
caused by the small size of the country (300 km from north to south and 150 km from
west to east). The aim is to perform an extreme value analysis on wind strengths,
jointly at the different stations and conditional on the direction of the wind. The
wind directions are classified, falling into one of the four quadrants NW, SW, SE and
NE. The model that is used is the Multivariate Generalized Burr–Gamma (MGBG)
[7,8], in this case four dimensional, which allows for extremal events.

Other possible questions can arise, such as: Is there a trend for the extreme winds
to become stronger globally over the period of time considered here? Such questions
could also be discussed assuming a linear trend on the extreme value parameters over
the observed time period.
2. The MGBG model

The MGBG model will be described in some detail and will be applied to the wind
strengths in two steps, namely by fitting the multivariate lognormal (MLN)
distribution first and then the MGBG model. The MLN is a limiting case of the
MGBG. The model follows as an extension of the univariate generalized
Burr–Gamma distribution with parameters k; m;s; x (Beirlant et al., 2000). x is a
heavy tail parameter and carries the model into the Pareto class of distributions. If



ARTICLE IN PRESS

D.J. de Waal et al. / J. Wind Eng. Ind. Aerodyn. 92 (2004) 1025–1037 1027
x ¼ 0, the distribution belongs to the Gumbel class [9], with special case the Weibull
distribution if k ¼ 1. If k ! 1, it becomes the log-normal ðm;sÞ distribution. The
multivariate extension of the model to p variables has parameters
kðp; 1Þ lðp; 1Þ;S; ðp; pÞ nðp; 1Þ where the parameters n ¼ ðx1; . . . ; xpÞ

0 allow for heavy
tails. If n ¼ 0, the model can be considered to fall in the class of multivariate
generalized gamma distributions with the property that if k ¼ ðk1; . . . ; kpÞ

0 becomes
large, it converges to a multivariate log-normal distribution with mean l ¼

ðm1; . . . ;mpÞ
0 and covariance matrix S. Let X ¼ ðX 1; . . . ;X pÞ

0 denotes the vector of
random variables, then it follows that Y ¼ ðY 1; . . . ;Y pÞ

0
¼ ð� log X 1; . . . ;� log X pÞ

0

is distributed multivariate Nðl;RÞ.
Let

ViðYÞ ¼ exp cðkiÞ �
ffiffiffiffiffiffiffiffiffiffiffiffi
c0
ðkiÞ

p
R�1=2
ðiÞ ðY � lÞ

n o
ð1Þ

where R�1=2
ðiÞ denotes the ith row of the symmetric square root of R�1; cðkiÞ ¼

ðd=dkiÞ log GðkiÞ (digamma function) and c0
ðkiÞ ¼ ðd=dkiÞcðkiÞ (trigamma function).

If it is assumed that V iðYÞ is distributed Gamma ðki; 1Þ with density function given
by

f V i
ðviÞ ¼

1

GðkiÞ
vki�1

i e�vi ; vi40 ð2Þ

for all i ¼ 1; . . . ; p and independent of each other, then it follows that the joint
density of X 1; . . . ;X p is given by

f X ðxÞ ¼
1

jSj1=2
Yp

i¼1

ffiffiffiffiffiffiffiffiffiffiffiffi
c0
ðkiÞ

p
GðkiÞxi

e�viðxÞviðxÞ
ki

( )
; 0oxio1

viðxÞ ¼ exp cðkiÞ �
ffiffiffiffiffiffiffiffiffiffiffiffi
c0
ðkiÞ

p
R�1=2
ðiÞ ð� log x � lÞ

n o
: (3)

The parameters l and R follow as EðYÞ ¼ l and CovðY ;Y 0Þ ¼ R. This can be proved
as follows:

Let W ¼ ðlog V 1ðYÞ; . . . ; log V pðYÞÞ
0, then Y ¼ l þ R1=2DððWÞ � cðkÞÞ where

D ¼ diagð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
c0
ðk1Þ

p
; . . . ;

ffiffiffiffiffiffiffiffiffiffiffiffiffi
c0
ðkpÞ

p
Þ and cðkÞ ¼ ðcðk1Þ; . . . ;cðkpÞÞ

0. Since EðWÞ ¼ cðkÞ
and CovðW ;WÞ

0
¼ D2, the result follows.

The density (3) is referred to as a multivariate generalized gamma (MGG)
distribution since it reduces to a generalized gamma distribution if the dimension
p ¼ 1.

If the data x1; . . . ;xn do not exhibit extreme observations, it may be sufficient to
consider fitting (2.3) only, namely a MGGðk; l;RÞ. l and S can easily be estimated
through their moment estimates, recalling l ¼ EðYÞ and R ¼ CovðY ;Y 0Þ. The MGG
can be extended to include extreme values by introducing heavy tail parameters n to
the model, similar to what has been done for the univariate case. In the univariate
case, the generalized Burr–Gamma distribution GBGðk; m;s; xÞ defined in Beirlant et
al. (2002) with parameters m (location parameter), s (scale parameter), k (skewness
parameter) and x (heavy tail parameter) are introduced as a generalization of the
Burr distribution in the class of gamma distributions. If the random variable X is
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distributed GBGðk; m;s; xÞ, then V xðX Þ ¼ 1
x logf1þ xV ðX Þg is gamma distributed

which parameters k and 1 with distribution function F ðvxðxÞÞ ¼
1

GðkÞ

R vxðxÞ

0 e�uuk�1 du.
Moreover

V ðX Þ ¼ exp cðkÞ þ
log X þ m

s

ffiffiffiffiffiffiffiffiffiffiffi
c0
ðkÞ

p	 

:

The multivariate extension is referred to as the multivariate generalized Burr–Gam-
ma (MGBG) distribution [7,8].

We define the random vector X to be distributed multivariate generalized
Burr–Gamma, MGBGðk;l;R; nÞ if

Vxi
ðXÞ ¼

1

xi

logð1þ xiV iðXÞÞ ð4Þ

is distributed Gammaðki; 1Þ; i ¼ 1; . . . ; p independent of each other where

V iðXÞ ¼ exp cðkiÞ �
ffiffiffiffiffiffiffiffiffiffiffiffi
c0
ðkiÞ

p
R�1=2
ðiÞ ð� log X � lÞ

n o
log X ¼ ðlog X 1; . . . ; log X pÞ

0:

When a random vector X is MGBG ðk;l;R; nÞ distributed then the density function
is given by

f X ðxÞ ¼
1

jRj1=2
Yp

i¼1

ffiffiffiffiffiffiffiffiffiffiffiffi
c0
ðkiÞ

p
GðkiÞxi

expf�Vxi
ðxÞg

ðVxi
ðxÞÞki�1

1þ xiV iðxÞ
ViðxÞ:

The vector n reflects the tail heaviness of the marginal distributions. If n ¼ 0, the
parameters l and R can be interpreted as a mean vector and covariance matrix of Y :

l ¼ Eð� log X j n ¼ 0Þ; R ¼ Covðlog X 0; log X 0 j n ¼ 0Þ: ð5Þ

Also when n ¼ 0, asymptotically when ki ! 1 for all i ¼ 1; . . . ; p, the distribution
of Y becomes a multivariate normal distribution with parameters l and R.

Overall, the MGBG model can be considered as a flexible model with which one is
able to model all kinds of dependence structures and various marginal tail
behaviours.

Furthermore covariate information, such as wind directions, can be included on l.
For instance for station i one can model

mi ¼ b0i þ b1iZ1i þ b2iZ2i þ b3iZ3i; i ¼ 1; . . . ; 4

¼ ð1 Z1i Z2i Z3iÞbi

¼ zibi (6)

making use of the dummy variables:

Zji ¼
0 wind is not present in quadrant j at station i

1 wind is present in quadrant j at station i
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where

j ¼

1 wind appears in quadrant NW

2 wind appears in quadrant SW

3 wind appears in quadrant SE

8><
>:

bi denotes the ith column vector (containing the regression coefficients of station i)
of the 4� 4 matrix b containing the regression coefficients.
2.1. Estimation of the parameters

The parameters l;R; n and k can be estimated through a Markov Chain Monte
Carlo (MCMC) procedure, but it has been found that the parameters k and n tend to
be difficult to estimate jointly. We propose the moment estimates for l and R and for
selected values of k, find the posterior distributions of xi; i ¼ 1; . . . ; p. Once the
estimates of xi; i ¼ 1; . . . ; p are obtained (either from the means or modes of the
posterior distributions), the values for V xi

ðXÞ defined in (4) can be calculated from
the observed data and goodness of fit tests be used to select k. Goodness of fit
measures such as max jFn � Gj or ð1=nÞSðFn � GÞ

2 where F n denotes the empirical
distribution function and G the fitted such as the Gammaðki; 1Þ in this case, are well
known measures. Since l and R are the mean vector and covariance matrix of
Y ¼ � log X conditional on n ¼ 0 as given in (5), one can delete the most extremes
for calculating the moment estimates. In this paper we used all the data.
3. The data

The data set consists of ten day maxima wind strengths measured as an hourly
averaged wind speed at 10m height in 0.1m/s. The period is January 1, 1961 to
December 31, 1999. We analyze the observations at four stations over The
Netherlands, collected by the Royal Netherlands Meteorological Institute (KNMI).
The wind direction is also observed giving a data matrix of size ð1424� 9Þ. The first
column of the matrix denotes time t ¼ 1 : 1424 10-day periods. The stations are De
Bilt, Deelen, Eelde and Gilze Rijen which are shown on the map in Fig. 1 and for
which wind velocities and wind directions are available, leading to a size of 1424 by
1þ 4� 2 ¼ 9. The r.v.’s X j ; j ¼ 1; . . . ; 1424 are considered as independent
MGBGðk; l;R; nÞ vectors. Indeed only found weak dependence between the 10-
day maxima can be detected. (The correlations between successive 10-days were
about 0.25.)

Fig. 2 shows the observed maximal wind strengths for a 5, 5 year portion of the 40
year record at the ‘De Bilt’ station.
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Fig. 1. Spatial distribution of wind stations in The Netherlands.
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4. Estimation of the model parameters and high quantile estimation

4.1. Multivariate lognormal (MLN)

Consider a fit of the MLN ðl;SÞ to the full data set as a start. From (6), let Z iðn; 4Þ
denotes the matrix of all wind directions observed at station i, say

1 1 0 0

1 0 0 0

:::::::::::::

1 0 1 0

2
6664

3
7775

for example.
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Fig. 2. A typical wind record of 10-day maxima of average-hourly values at the ‘De Bilt’ station.
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Then b̂i ¼ ðZ 0
iZ iÞ

�1Z 0
iyi; yi ¼ ðyi1; . . . ; yinÞ

0

ŝij ¼ ðyi � Z ib̂iÞ
0
ðyj � Z jb̂jÞ=ðn � 1Þ

the i; jth element of R̂.
The estimates of b ¼ ðb1; . . . ;b4Þ and R are given in Table 1.
The estimates of b looking at the elements row wise, shows for instance from row 2

that a NW has different weights at the four stations. We can now estimate high
quantiles for wind strengths at each station given a wind direction, for instance for
the south-western winds with z ¼ ð1 1 0 0Þ can be estimated. The ð1� 1

m
Þth quantile

for m ¼ 3650 (once in 100 years) from a standard normal is qm ¼ 3:4562 and
therefore the estimated quantile for station i is given by

Q̂iðmÞ ¼ exp qm

ffiffiffiffiffi
ŝii

p
� zb̂ðiÞ

n o
:

Taking z the same for all stations, the once in a 100 years estimated quantiles are
shown in Table 2.
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Table 2

Maximum wind strengths estimated for 100 compared with observed maximums

Station de Bilt Deden Eelde Gilze Rijen

Estimate 231 256 258 244

Observed 220 259 241 232

Table 1

Estimates of b and R

b̂ ¼

�4:5635 �4:6767 �4:6753 �4:6486

0:0329 �0:0220 0:0178 0:0036

0:0360 0:0172 0:0077 0:0239

0:0273 �0:0028 0:0281 0:0389

2
6664

3
7775

R ¼

0:0694 0:0535 0:0544 0:0548

0:0535 0:0599 0:0488 0:0510

0:0544 0:0488 0:0669 0:0476

0:0548 0:0510 0:0476 0:0610

2
6664

3
7775
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Estimates of quantiles jointly for all stations is also possible through the MLN
model.

4.2. Goodness of fit

Comparing the observed quantiles with the estimated quantiles at each station is a
measure of fit on the marginals although not of the goodness of fit of the MLN. Fig.
3 shows the QQ-plots for the lognormal fits for the four stations starting with De Bilt
at top left horizontally to Gilze Rijen at bottom right. The graphs show the observed
quantiles against the estimated quantiles using the estimates in Table 1. From these
graphs it seems that the lognormal fits to the marginals are very good and a fit of a
heavier tailed model does not seem to be necessary. Table 3 shows estimates by
Wieringa and Rijkoort [6] from the same data using the Weibull distribution on a
single station analysis which differ much from the above. The MGBG model
proposed here may be appropriate to consider to avoid possible mis-specification of
the high quantiles by the independence models. We shall now proceed to fit the
MGBG model.

4.3. Multivariate generalized-gamma (MGBG)

The MGBG ðk;l;R; nÞ has as a limit case the MLNðl;RÞ if k ! 1 and n ¼ 0. To
fit the MGBG to the data with l0 ¼ zb where z ¼ ð1 1 0 0Þ we will use the estimates
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Fig. 3. QQ-plots of lognormal fits on wind strengths.

Table 3

Results on quantile estimations [in 0.1m/s]

Return periods De Bilt Deelen Eelde Gilze Rijen

Weibull model (univariate, omni-directional, mean estimates) according to Wieringa and Rijkoort [6]

50 years 237 277 251 242

100 years 250 291 263 254

MGBG model (multivariate, directional NE winds)

40 years 257 269 289 264

100 years 329 341 359 328

MLN model (multivariate, directional NE winds)

40 years 223 235 245 230

100 years 238 250 262 245

Observed maxima (from NE)

39 years 220 259 241 232

D.J. de Waal et al. / J. Wind Eng. Ind. Aerodyn. 92 (2004) 1025–1037 1033
in Table 1 for b and R. The elements of k have all been selected equal to 1.3 since the
Gamma ðk; 1Þ fits to the V i’s defined in (1) show no big differences in the ki’s and
exhibit also acceptable fits at ki ¼ 1:3. Fits of the univariate generalized
Burr–Gamma distribution to the data to the stations individually also leads to
estimates for ki close to 1.3. The joint estimation of k and n through a Markov Chain
Monte Carlo algorithm (MCMC) such as the Gibbs, can be done, but it needs to be



ARTICLE IN PRESS

D.J. de Waal et al. / J. Wind Eng. Ind. Aerodyn. 92 (2004) 1025–10371034
applied with care. We propose to select k as above which leaves only the estimation
of n through its posterior distribution. We took as prior for xi, the MDI prior
pðxiÞ / e�kixi . From (4), the posterior of xi becomes

pðxi jdataÞ / e�kixie
�
Pn

j¼1vxi
ðxjÞ

Yn

j¼1

vxi
ðxjÞ

ki�1
Yn

j¼1

Jðvxi
ðxjÞ ! viðxjÞÞ ð6Þ

where xj denotes the jth observation, vxi
ðxjÞ the value of (4) at this observation, viðxjÞ

the value of (1) at this observation and J ¼ ð1þ xiviðxjÞÞ
�1 denotes the jacobian of

the transformation of vxi
ðxjÞ to viðxjÞ.

Fig. 4 shows the posterior distributions of xi; i ¼ 1; . . . ; 4.
The estimates of xi; i ¼ 1; . . . ; 4 taking the modes of these posteriors as the

estimates, are x̂1 ¼ 0:1910; x̂2 ¼ 0:2340; x̂3 ¼ 0:1290; x̂4 ¼ 0:1990.
QQ-plots of a simulated dataset from the model using the estimates of k; b;R and n

against the original data, are shown in Fig. 5. These plots also provide checks on the
choice of the selected values for ki ¼ 1:3; i ¼ 1; . . . ; 4.

100 simulations from the model at a wind direction of z ¼ ð1 0 0 0Þ, give estimates
of the 0.9997 quantiles (marginally) shown in Table 3.

The quantiles reflect an estimate of the maximum wind strength from the North-
East that can occur once in 100 years at any of the four stations. The estimates for
once in 40 years were also calculated and are shown in Table 3.

Table 3 also reflects 50 years and 100 years predictions of Wieringa and Rijkoort
[6] who analyzed the same data through a single-station analysis and a Weibull
Fig. 4. Posterior distributions of xi; i ¼ 1; . . . ; 4.
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Fig. 5. QQ-plots on wind strengths simulated from the MGBG model and the data at the stations De Bilt,

Deelen, Edde and Gilze Rizen from top left horizontally to right bottom.
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model on the omni directional windspeeds. For comparison purposes, the results of
the MLN model are also shown. The estimates of W & R differs from that of the two
models considered here because of different models and W & R did not consider
wind directions in their estimates.

From Table 3 we notice that the estimated MGBG quantiles for a 40 and 100
years NE return period are significantly larger than that for the MLN model. The
MGBG model estimates higher quantiles than that from the univariate Weibull
analysis. This can be due to the heavier tail model and conditioned on wind
directions included as a covariate. The estimates from the MLN model compares
well with the observed maximums indicating that the maximum wind speeds may not
be Pareto.

Inferences concerning joint probabilities of observing extremes jointly at several
stations can be made. Fig. 6 shows for example 10 000 simulated values on wind
speeds from the fitted MGBG if the wind direction is taken as z ¼ ð1 0 0 0Þ at De
Bilt and Gilze Rijen. Estimates of small tail probabilities can be made from such
simulations such as the probability of observing winds from the NE exceeding 300�
0:1m=s simultaneously. Out of the 10 000 simulated values, 2 were found to lie in this
region, giving therefore an estimate of 2� 10�4 for such an event.
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Fig. 6. 10 000 simulated wind speeds observed at De Bilt and Gilze Rijen jointly.
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5. Conclusion

The paper illustrates the fitting of the MGBG distribution to wind data containing
possible extreme values. It shows how covariates such as wind directions can be
introduced. High quantiles at different stations can be jointly estimated in a
univariate or multivariate case as well as small tail probabilities.

Traditionally extreme wind quantiles are estimated with at-site data (not taking
data of neighboring locations into account). In this model a multivariate approach is
adopted. Measured wind speeds and—directions at multiple stations are integrated
to estimate the quantiles.

The generalized Burr–Gamma model could be used in other ways too. For
instance, to investigate trends in the extremes over a long period, one can for
instance assume that the tail indices xi (or any other of the parameters) is a linear
functions of time t. Hall and Tajvidi [10] discussed temporal trends to extreme value
data from a nonparametric point of view and gave a detailed review of the literature
on this topic. Smith [11] fitted a linear trend to the mean of an extreme value
distribution. Trend investigations with the generalized Burr–Gamma distribution
will be subject of further research.
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