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Abstract

The paper evaluates the effectiveness of the method of L-moments for estimating parameters of the
Pareto distribution model of peaks over a sufficiently high threshold, and compares its performance against
a widely used method of de Haan (de Haan L. Extreme value statistics. In: Galambos J, Lechner J, Simin
E, editor. Extreme value theory and applications, vol. 1. 1994. p. 93–122). Monte Carlo simulations and
actual wind speed data collected at various stations in the United States have been utilized in this study. In
the de Haan method, the first two moments of peaks of log-transformed data are used for the parameter
estimation, whereas the L-moment method utilizes linear combinations of expectations of order statistics of
peaks in the original data. Despite the procedural differences, the paper shows that the de Haan and two L-
moments based estimates of the tail shape parameter are in fairly close agreement in simulated data as well as
in the US wind speed data. Furthermore, higher order estimates of the shape parameter are obtained using
the L-skewness of peaks data. Such estimates appear to provide a more stable upper bound, which can be
useful in identifying meaningful values of design quantiles. # 2001 Elsevier Science Ltd. All rights
reserved.
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1. Introduction

In structural design, extreme quantile estimates of wind velocity corresponding to small prob-
abilities of exceedance (POE�10�2–10�4) are commonly utilized to calculate design values of the
wind load-effect on structures. There are two widely used approaches for this purpose, namely,
the classical annual-maxima method and the peaks-over-threshold (POT) approach. In the first
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method, the generalized extreme value distribution is fitted to a sample of annual maximum
values of wind velocity observed over a period of time. Historical data of wind velocity typically
consist of 25–50 years of records. Because of limited annual-maxima data, quantile estimates
corresponding to return periods of the order of 100–1000 years tend to be highly uncertain. In the
calibration of design load factors for a specified structural reliability, this uncertainty could lead
to unnecessarily large load factors that would result in sub-optimal structural designs.
In addition to annual maximum values, it is expected that a data set may contain other extreme

observations that could also be informative about the tail of a distribution. Based on this line of
thinking, an extension of the classical extreme value analysis is to be used, instead of just annual
maxima, several of the largest order statistics exceeding a sufficiently high threshold in the collected
data. In this way, a greater amount of data is incorporated in the inference, which is expected to
reduce the sampling uncertainty. This approach, referred to as the peaks-over-threshold (POT), is
widely used in the field of hydrology [1]. The POT approach for modelling the tail of a distribution has
received considerable attention since it has been shown that the Pareto distribution (GPD) arises as
the limiting distribution of peaks (or excesses)X–u of a random variableX over a high threshold u [2].
Since the accuracy of extreme quantile estimation is sensitive to themodelling of the distribution tail, a
number of studies have focussed on efficient estimation of the GPD parameters using POT data.
In a recent study, Heckert and Simiu [3] applied the POT approach to compute extreme

quantiles of wind velocity in the United States. The GPD distribution parameters were estimated
using a method proposed by de Haan [4], which was shown to be superior than other methods,
such as the Pickands method or conditional mean exceedance plot [5]. The other advantage of the
de Haan method is that it provides confidence bounds on the GPD tail index.
Linear combinations of expectations of order statistics, also referred to as L-moments by Hosk-

ing [6], have been shown to be very useful in parameter estimation as compared to other standards
methods, e.g. methods of moments, maximum likelihood and least-squares. The main advantage of
L-moments is that, being a linear combination of data, they are less influenced by outliers, and the
bias of their small sample estimates remains fairly small. It is, therefore, anticipated that L-moments
can also provide reliable estimates of tail-index with a relatively small sample of POT data.
The central objective of the paper is to evaluate the effectiveness of the method of L-moments

for estimating the GPD parameters, and compare its performance in quantile prediction against
that of the de Haan method [4]. Monte Carlo simulations and actual wind velocity data collected
at various stations in the United States have been utilized for comparison purposes.
The paper is organized as follows. The next section reviews basic concepts of the POT

approach and the de Haan estimation method. The L-moment method is briefly outlined in Sec-
tion 3. Section 4 presents numerical results using Monte Carlo simulations and actual wind speed
data. The main conclusions are presented in Section 5 and a list of references are at the end.

2. Theoretical background

2.1. Peaks-over-threshold approach

Let X1, X2, ..., Xn be a series of independent random observations of a random variable X with
the distribution function (DF) F(x). To model the upper tail of F(x), consider k exceedances of X
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over a threshold u and let Y1, Y2, ..., Yk denote the excesses (or peaks), i.e. Yi=Xi�u. Pickands
showed that, in some asymptotic sense, the conditional distribution of excesses follow the gen-
eralized Pareto distribution. Thus the DF of Yi=[(Xi�u)jXi>u], i=1,2,..., k, is given as

GðyÞ ¼ 1� 1þ cðy� hÞ
a

� ��1=c
ð1Þ

where h, a and c denote the location, scale and shape parameters, respectively. Generally, the
location parameter is taken as zero. The distribution is unbounded, i.e. 0<y<1 if c50 and
bounded as 0<y<a/c if c<0. The exponential DF is a special case of Eq. (1) when c=0. The
GPD exhibits a unique threshold-stability property, i.e. if X follows GPD then the conditional
distribution of excesses, i.e. G(y), also follows GPD with the same shape parameter as that of X.
It can also be shown that the distribution of maximum excesses, i.e. Z=max (Y1, Y2, ..., Yk)
follows the generalized extreme value distribution provided that exceedances over the threshold
are generated from a Poisson process [1]. These elegant mathematical properties have motivated
the use of the GPD model in extreme quantile estimation.
The calculation of a quantile value, xR, corresponding to an R-year return period is based on

the quantile of peaks, Y, corresponding to a return period of lR, where l is the mean exceedance
(or crossing) rate per year of X over u. Thus,

xR ¼ G�1 1� 1

lR

� �
þ u ð2Þ

where G�1(p) denotes the Pareto quantile function. If n denotes the number of samples collected
over m years and k is the number of exceedances, then the mean crossing rate is estimated as
l=k/m. As the threshold is lowered to include more data in the inference, the crossing rate l
increases due to increasing values of k. An interesting trade-off is thus revealed from Eq. (2), i.e.
the more the data considered, the farther in the tail region one has to go for quantile estimation
due to increasing values of the effective return period lR. Conversely, by inclusion of additional
data the accuracy of tail modelling must increase at a higher rate than the movement farther in
the tail region. Otherwise, the accuracy of POT estimates would deteriorate. In this sense, it is
expected that an optimal threshold might exists that would results in the minimum error [7,8].

2.2. Parameter estimation by de Haan method

De Haan [4] proposed the estimation of scale and shape parameters using the order statistics of
exceedances, {Xn�k,n, ..., Xn,n}, where Xn�k,n is the smallest data point to exceed a given threshold.
Based on an extensive mathematical analysis, the shape parameter was derived as

c ¼ c1 þ c2; where c1 ¼Mð1Þ
n and c2 ¼ 1� 1

2
1� ðMð1Þ

n Þ2
M

ð2Þ
n

� ��1
ð3Þ

in terms of moments of excesses obtained from the log-transformed data:
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MðrÞ
n ¼ 1

k

Xk
i¼1

½logðXn�iþ1;nÞ � logðXn�k;nÞ
r ð4Þ

The scale parameter can be obtained as

a ¼ uM
ð1Þ
n

�
where � ¼ 1 if c50; and � ¼ 1= 1� cð Þ if c < 0: ð5Þ

Generally speaking, c1 estimates the shape parameter of unbounded GPD, whereas c2 corre-
sponds to the bounded case [9]. The confidence bounds for an estimate of c were also derived
based on the argument of asymptotic normality [4].

3. Method of L-moments

3.1. Order statistics and L-moments

Using the density function of an rth order statistic, Xr:n [10], along with a transformation
u=F(x), its expectation can be expressed in terms of the quantile function, x(u), as

E Xr:n½ 
r n
r

� �ð1
0

xðuÞur�1ð1� uÞn�rdu ð6Þ

Expectations of the maximum and minimum of a sample of size n can be easily obtained from
Eq. (6) by setting r=n and r=1, respectively.

E Xn:n½ 
 ¼ n
ð1
0

xðuÞun�1du; and E X1:n½ 
 ¼ n
ð1
0

x uð Þ 1� uð Þn�1du; ð7Þ

The probability-weighted moment (PWM) of a random variable was formally defined by [11] as

Mi;j;k ¼ E½Xiujð1� uÞk
 ¼
ð1
0

xðuÞiujð1� uÞkdu ð8Þ

Two special forms of PWMs, �k=M1,0,k and �k=M1,k,0 (k=0,1, ...., n) are particularly simple
and useful. From Eqs. (7) and (8), it can be shown that �k and �k are directly related with
expectations of the minimum and maximum, respectively, in a sample of size k, as

�k ¼ 1
k
E½X1:k
; �k ¼ 1

k
E ½Xk:k
 k51ð Þ ð9Þ
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Certain linear combinations of PWMs, referred to as L-moments, are shown to be analogous
to ordinary moments in a sense that they also provide measures of location, dispersion, skewness,
kurtosis, and other aspects of the shape of probability distributions or data samples [6]. An rth
order L-moment is mathematically defined as

lr ¼
Xr
k¼1
p�r�1;k�1�k ð10Þ

where p�r;k represents the coefficients of shifted Legendre polynomials [6]. From an ordered ran-
dom sample of size n, unbiased estimates bk and ak of bk and �k, respectively, can be obtained as
[12]

bk ¼ 1
n

Xn
i¼1

i� 1
k

� �
Xi=

n� 1
k

� �
and ak ¼ 1

n

Xn
i¼1

n� i
k

� �
Xi=

n� 1
k

� �
ð11Þ

Normalized forms of higher order L-moments, �r=lr/l2, (r=3, 4,...) are convenient to work
with due to their bounded variation, i.e. �rj j < 1. Extensive simulation-based studies and com-
parison with information-theoretic measures, e.g. cross-entropy and divergence, Pandey et al. [13]
have shown that L-moments are very effective in summarizing distribution properties and
extreme quantile estimation.

3.2. Parameter estimation

Hosking and Wallis [12] illustrated that L-moments are efficient in estimating parameters of a
wide range of distributions from small samples. The main advantage of L-moments is that, being
a linear combination of data, they are less influenced by outliers. In general, the bias of small
sample estimates of higher-order L-moments is fairly small. Furthermore, the required compu-
tation is quite limited as compared with other traditional techniques, such as maximum likelihood
and least-squares.
Figs. 1 and 2 illustrate variations of the bias and root-mean-square error (RMSE), respectively,

of sample estimates (size 50) of the first three GPD L-moments (l1, l2, �3) with respect to its shape
parameter. The bias and RMSE estimates are normalized by exact values of respective L-moments.
As seen from Fig. 1, bias associated with l1 and l2 is almost zero and that of �3 is fairly small
(43%). Fig. 2 shows that the RMSE of l1 and l2 increases from 10 to 20%with increasing values of
c. The RMSE of �3 remains somewhat insensitive to c, and is the order of 20%. Using 3 sample L-
moments, the location (h), scale (a) and shape (c) parameters of the GPD can be estimated as

c ¼ ð3�3 � 1Þ
ð�3 þ 1Þ ; a ¼ 1� cð Þ 2� cð Þl2 and h ¼ l1 � 2� cð Þl2 ð12Þ

Here, c is a function of skewness only, whereas scale and location parameters depend on mean
and dispersion measures.

M.D. Pandey et al. / Structural Safety 23 (2001) 179–192 183



In case that the location parameter is known (typically h=0), the first two L-moments can be
used to estimate c and a as

c ¼ 2� ðl1 � hÞ
l2

and a ¼ 1� cð Þ l1 � hð Þ ð13Þ

Fig. 1. Normalized bias of sample estimates of L-moments (parent: GPD, sample size 50).

Fig. 2. Normalized RMSE of sample estimates of L-moments (parent: GPD, sample size 50).
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In contrast with Eq. (12), here c depends on mean and dispersion only, without considering the
effect of skewness.

3.3. Comparison of shape parameter estimates

In this study, three methods are considered for the estimation of c, namely,

1. de Haan (DHN) — Eq. (3)
2. 2 L-moments (2-LM) — Eq. (13)
3. 3 L-moments (3-LM) — Eq. (12).

To compare the bias and RMSE of various estimates of c, a simulation experiment was
designed in which samples, each of size of 1000, were generated from a GPD of prescribed para-
meters (h=0, a=1). Considering Np top order statistics and corresponding sample of excesses,
the three methods were applied to estimate the shape parameter. The simulation consisted of
10,000 cycles. Numerical results for Np=30 and 100 are summarized in Table 1 for various c
values of the parent GPD.
As seen from Table 1, bias associated with all the three estimates is small (0–6%). In the first

case of Np=30, the bias of DHN estimate is higher than that of L-moment estimates. In all the
cases reported in Table 1, RMSE values of all the three estimates are almost identical. A general
observation is that both bias and RMSE are almost insensitive to the shape parameter of the
parent GPD used in the simulation. Considering these results, it is anticipated that L-moment
estimates of the tail index (c) would at least be competitive to those obtained from the de Haan
method. In contrast with the de Haan method, the L-moment method is more insightful since L-
moments have intuitive meaning, such as Gini’s mean difference (l2) and skewness. On the other
hand, de Haan’s formulae based on log-transformed data are of ‘‘black-box’’ nature. Since the

Table 1
Bias and RMSE of the Pareto shape parameter estimated from POT samples (GPD parent, sample size 1000)

POT sample size Shape parameter c Error estimates

De Haan 2-L-moments 3-L-moments

Bias RMSE Bias RMSE Bias RMSE

30 0.2 0.06 0.22 0.04 0.22 0.06 0.23
0.1 0.06 0.22 0.03 0.22 0.04 0.22

0.05 0.06 0.22 0.03 0.22 0.04 0.22
�0.05 0.06 0.23 0.02 0.23 0.03 0.22
�0.1 0.06 0.23 0.02 0.23 0.02 0.22

�0.2 0.06 0.24 0.02 0.25 0.02 0.22

100 0.2 �0.02 0.11 0.02 0.12 0.02 0.13
0.1 �0.02 0.11 0.01 0.12 0.01 0.12
0.05 �0.02 0.11 0.01 0.12 0.01 0.12

�0.05 �0.02 0.11 0.00 0.12 0.01 0.11
�0.1 �0.01 0.12 0.01 0.12 0.01 0.11
�0.2 �0.01 0.12 0.00 0.13 0.01 0.11
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distribution of L-moments ratios, l2/l1 and �3, is asymptotically normal [6], the confidence
bounds on c can also be constructed in principle. This topic is an area of future research.
L-moments are calculated by linear combination of order statistics (Eqs. (10) and (11)) invol-

ving fairly basic arithmetic calculations. From the computational view point, all the three meth-
ods are simple.

4. Results

4.1. Simulations

To illustrate a trade-off associated with the selection of threshold in the POT method, two
scenarios were analyzed via Monte Carlo simulations. In the first case, samples of size N=1000
were generated from the Gumbel distribution (	=50 mph, 
=6.25), and POT samples were
constructed from upper Np order statistics. Considering the original sample (N=1000) as a sam-
ple of annual maximum wind speeds, the exceedance rate was estimated as l=Np/N. Wind speed
quantiles for return periods (R) of 100–5000 years were estimated from the POT sample by fitting
the Pareto distribution using de Haan and L-moment methods. The simulation consisted of
10,000 cycles. The normalized bias and RMSE of quantile estimates are reported in Table 2 for
various values of Np and R. In all the cases, the bias is fairly small (<3%) and RMSE varies in a
narrow range from 2 to 10%, similar to results of Gross et al. [5]. Table 2 clearly suggests that the
GPD representation of POT data is fairly accurate.
In the second case, a more realistic scenario was considered by assuming that N=1000 indepen-

dent observations of wind speed were collected over m=25 years period such that the exceedance

Table 2
Bias and RMSE of Gumbel quantile estimates (1000 years of simulated data)

POT sample size Crossing rate/year l Return period (years) Quantile error estimates

De Haan 2-L-moments 3-L-moments

Bias RMSE Bias RMSE Bias RMSE

25 0.025 100 �0.002 0.019 �0.002 0.021 �0.002 0.021
250 �0.006 0.028 �0.004 0.028 �0.003 0.028

1000 �0.016 0.053 �0.004 0.048 �0.005 0.048
5000 �0.025 0.101 0.007 0.104 0.003 0.099

50 0.05 100 �0.005 0.019 �0.002 0.019 �0.001 0.019
250 �0.009 0.029 �0.003 0.026 �0.002 0.027

1000 �0.016 0.055 �0.002 0.05 �0.002 0.048
5000 �0.022 0.097 0.007 0.1 0.003 0.095

100 0.1 100 �0.009 0.02 �0.001 0.018 �0.001 0.018

250 �0.013 0.031 �0.002 0.027 �0.002 0.026
1000 �0.019 0.055 �0.002 0.051 �0.002 0.048
5000 �0.024 0.09 0.001 0.093 0.001 0.087

186 M.D. Pandey et al. / Structural Safety 23 (2001) 179–192



rate becomes l=Np/m [14]. In the simulation, samples were generated from the Gumbel dis-
tribution (	=30 mph, 
=6.5 mph) and quantile bias and RMSE were estimated for the same
values of Np and R as considered before. As seen from Table 3, RMSE values (10–60%) have
increased significantly in comparison to the previous case. The increased error can be attributed
to large values of the exceedance rate (l�1–4), because the previous case corresponds to fairly
small values of l (l << 1). To illustrate this point further, RMSE of 5000-year quantile estimates
obtained using the DHN and 3-LM methods are compared in Fig. 3. In the first case of 1000

Fig. 3. Comparison of RMSE associated with 5000-year quantile estimates (case 1=1000 years of data, case 2=25
years of data).

Table 3
Bias and RMSE of Gumbel quantile estimates from 25 years of simulated data consisting of 1000 observations

POT sample size Crossing rate/year l Return period (years) Quantile error estimates

De Haan 2-L-moments 3-L-moments

Bias RMSE Bias RMSE Bias RMSE

25 1 100 �0.031 0.123 0.009 0.126 0.003 0.119

250 �0.033 0.167 0.028 0.188 0.017 0.176
1000 �0.029 0.249 0.078 0.333 0.056 0.308
5000 �0.008 0.38 0.18 0.621 0.141 0.571

50 2 100 �0.03 0.119 0.01 0.121 0.006 0.115

250 �0.03 0.154 0.022 0.17 0.016 0.161
1000 �0.025 0.219 0.051 0.267 0.041 0.253
5000 �0.009 0.316 0.105 0.431 0.089 0.41

100 4 100 �0.037 0.111 0.004 0.113 0.003 0.106

250 �0.038 0.139 0.009 0.148 0.008 0.139
1000 �0.036 0.187 0.021 0.214 0.019 0.199
5000 �0.029 0.253 0.044 0.31 0.039 0.288
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years of data, both methods result in small RMSE (�5%). However, RMSE increases con-
siderably in the second case having shorter length of data (25 years).
The comparison of results presented in Tables 2, 3 and Fig. 3 confirms our comments of Sec-

tion 2.1 about a trade-off between the accuracy and amount of data in the POT method. In case
of relatively short time series (20–50 years), the selection of right threshold is important because
inclusion of unnecessary data could result in the loss of accuracy of quantile estimates. In short,
hyper-sensitivity of quantile estimates to the threshold value is a major practical difficulty asso-
ciated with the POT method.
Table 3 suggests the nature of threshold sensitivity varies with the method. For example,

RMSE of 5000 year quantile decreases from 0.57 to 0.28 as Np is increased from 25 to 100. In
comparison, RMSE of DHN estimates decreases from 0.38 to 0.25. The differences in RMSE
values associated with the three methods are limited within 10% up to R=1000 year, and they
would change differently with variation in the POT sample size. Similar simulations can be per-
formed for parent distribution other than the Gumbel, though the qualitative conclusion of the
section is not expected to change.

4.2. Wind data from the US stations

To compare the performance of de Haan and L-moment methods in a more realistic setting,
actual wind speed data collected at various stations the United States were analyzed. The method
of L-moment was added to a computer program provided by Heckert and Simiu [3], which gen-
erates an uncorrelated sample from the original wind data based on 8-day (4-day) interval and
applies the de Haan method for GPD parameters estimation. Here, numerical results are pre-
sented for three stations, namely, Helena (MT), Boise (ID) and Duluth (MN). These stations are
chosen for no particular reason other than the fact that they represent typical long (35 years),

Fig. 4. Tail parameter estimates using wind speed data from Helena, MT.
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medium (23 years) and short (15 years) term data, respectively, in the available data-base of wind
speeds.
Estimates of the tail shape parameter, c, obtained from Helena, Boise and Duluth data are plotted

against the threshold velocity in Figs. 4,5 and 6, respectively. The 95%-confidence bounds on de
Haan estimates obtained as c� 2s, s being the standard deviation of c, are also shown in these fig-
ures. The formulae for s are already summarized by Heckert and Simiu [3]. Note that increasing
values of the threshold velocity (u) on the X-axis implies decreasing size of the POT sample.

Fig. 5. Tail parameter estimates using wind speed data from Boise, ID.

Fig. 6. Tail parameter estimates using wind speed data from Duluth, MN.
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It is interesting to note that 3-LM estimates of c tend to be close to the upper confidence
bound, whereas 2-LM estimates are fairly close to de Haan estimates (Fig. 6). The variation of 3-
LM estimates with the threshold exhibits more stable trend than those obtained from DHN and
2-LM methods. It is somewhat expected since the L-skewness, which determines c in 3-LM
method, tends to be less sensitive to variations in the POT sample.
In Figs. 7–9, quantiles estimates for 1000 year return period are plotted against the threshold

velocity. In all the three cases, 2-LM and DHN estimates are highly sensitive to threshold velocity.

Fig. 7. Quantile estimates using wind speed data from Helena, MT (R=1000 years).

Fig. 8. Quantile estimates using wind speed data from Boise, ID (R=1000 years).
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It is interesting to note that 2-LM and DHN estimates are mostly in close agreement, except some
departure is seen in Fig. 7 for high threshold values (>45 mph). In contrast, 3-LM quantile
estimates follow a smoother trend, which can be helpful in identifying the representative thresh-
old and quantile value. For example, quantile values in Fig. 7 (Helena data) are stable about 80
mph for the threshold ranging from 42 to 48 mph. Similarly, Boise data in Fig. 8 exhibit a stable
trend about 50 mph for threshold ranging from 34 to 37 mph. lastly, Duluth data in Fig. 9, results
in fairly stable quantile estimates (60 mph) for threshold velocity less than 40 mph.

5. Conclusions

An accurate estimation of parameters of the Pareto distribution (GPD) in the peaks-over-
threshold approach is of considerable importance. The paper examines the method of L-moments
and compares its performance against a widely acceptable method of de Haan [4].
In the de Haan method, the first two moments of peaks (or excesses) of log-transformed data

are used for parameter estimation, whereas the L-moment method utilizes linear combinations of
expectations of order statistics of peaks in the original data. Two variations of the L-moment
method are discussed, namely, 2-LM and 3-LM, which incorporate 2 and 3 L-moments, respec-
tively, in the parameter estimation. Despite the procedural differences, it is interesting to note that
the de Haan and 2-LM estimates of the tail shape parameter (c) are in fairly close agreement in
simulated data (Table 1) as well as in actual wind speed data collected in the United States
(Figs. 4–6). This empirical evidence of similarity between the 2-LM and de Haan methods is an
interesting point of the paper. Furthermore, the L-moment method is more insightful because of
intuitive meaning of L-moments, such as Gini’s dispersion coefficient (l2) and skewness.
In the 3-LM method, higher order estimates of the shape parameter are obtained using the L-

skewness of POT data. The analysis of actual wind speed data illustrates that 3-LM estimates of c

Fig. 9. Quantile estimates using wind speed data from Duluth, MN (R=1000 years).
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tend to follow a more stable trend in the proximity of the upper bound estimates obtained from
the de Haan method. Therefore, 3-LM method appears to be useful in identifying meaningful
upper bounds of design quantiles.
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