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ABSTRACT

In this paper we present a new statistical model for the Gutenberg-Richter magnitude of eartquakes occuring in
the Vrancea fault line in Romania. Mean return periods of Vrancea earthquakes are up till now calculated with
statistical models of earthquake data from the last century. However, a very extensive historical research has been
undertaken by Radu et al to investigate the occurences of earthquakes in Romania in the period 984-1900. This
information hasn’t been included in the statistical models for Gutenberg-Richter magnitudes versus occurence
frequency so far. In this paper new calculations will be presented to include this historical data in the current
models by use of a Bayesian modeling approach. This approach has proven to be succesful in a similar problem
regarding historical sea floods in the low lying country of the Netherlands.   
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INTRODUCTION

Lungu et.al. (1995) investigated the instrumental earthquake data occuring in the period of 1901-1994 in the
subcrustal (60-170km) Vrancea zone of Carpathians, in Romania. Relating the Gutenberg-Richter magnitude of
an earthquake with the probability of its occurence by an exponential distribution:

in which:

n probability of an earthquake occuring in one year with G-R magnitude larger than M 
a,b coefficients to be fitted to the data
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were found the following values for the coefficients: a=3.49; b=0.72. The threshold level M0 for the G-R
magnitude was taken to be 6.0 resulting in 9 data points. In order to include the maximum credible magnitude
of the source into the model (1), the following correction was suggested, after Hwang and Huo (1994):

in which:

M0 threshold magnitude
Mmax maximum credible magnitude of the source (after Marza et.al. (1991): Mmax=7.75±0.2)
",$ coefficients related with a and b according to "=aln10 and $=bln10
(according to Lungu et.al. (1995): M0=6.0, Mmax=7.8, "=8.036 and $=1.658).

A more elegant way to incorporate a maximum credible magnitude into a statistical model is to use the
Generalized Extreme Value Distributions rather than the above given Exponential distributions. The cumulative
distribution function of the Generalized Extreme Value Distribution (GEV) is given by:

where the maximum value for X is given by x=u+a/k (when k>0, otherwise X is unlimited to infinity). The GEV
distribution contains all 3 extreme value distributions (Weibull, Frechet and Gumbel) and is the only (theoretical)
limiting distribution for maxima of random variables (Johnson et al (1995)). The 3 parameters in the GEV
distribution (location u, scale a and shape k), can be estimated by classical techniques. However, looking forward
to incorporating historical data into the statistical models, we will perform the estimation with Bayesian
techniques. 

BAYESIAN PARAMETER ESTIMATION

Bayesian inference lays its foundations upon the idea that states of nature can be and should be treated as
random variables. Before making use of data collected at the site the engineer can express his information
concerning the set of uncertain parameters 1 for a particular model fX(x|1), which is a pdf for X, the G-R
magnitude. The information about 1 can be described by a prior distribution B(1|I), i.e. prior to using the
observed record of G-R magnitudes. 

The basis upon which these prior distributions are obtained from the initial information I are described in Carlin
and Louis (1996). Non-informative priors can be used if we don’t have any prior information available. Non-
informative priors have to be invariant under transformation; i.e. if we would claim ignorance concerning a
parameter 2 defined for 2>0 and adopt the prior p(2)=1, then after a transformation (=log2, the prior for ( would
become p(()=e( not uniform anymore. So ignorance about 2 would not imply ignorance about (. Non-
informative priors that are invariant under transformation can be calculated from the Fisher matrix of the
probability model (I(2)=-Ex|2[M2/M22logf(x|2)]) giving the so-called Jeffrey’s prior p(2)=I(2)1/2. 

The engineer now has a set of observations X of G-R magnitudes, which he assumes comes from the probability
model fX(x|1). Bayes’ theorem provides a simple procedure by which the prior distribution of the parameter set
1 may be updated by the dataset X to provide the posterior distribution of 1, namely,

                                                                  f(1|X,I)=L(X|1)B(1|I)/K                                                               (4)



where

f(1|X,I) posterior density function for 1, conditional upon a set of data X and information I;
L(X|1) sample likelihood of the observations given the parameters
B(1|I) prior density function for 1, conditional upon the intial information I
K normalizing constant

The posterior density function of 1 is a function weighted by the prior density function of 1 and the databased
likelihood function in such a manner as to combine the information content of both. If future observations XF

are available, Bayes’ theorem can be used to update the pdf on 1. In this case the former prior density function
for 1 now becomes the prior density function, since it is prior to the new observations or the utilization of new
data. The new posterior density function would have been obtained if the two samples X and XF had been
observed sequentially as one set of data. The way in which the engineer applies his information about 1 depends
upon the objectives in analyzing the data. If we are involved in calculating the frequency of G-R magnitides X,
then the inferences we make on X should reflect the uncertainty in 1. In the Bayesian framework we are
interested in the so-called predictive function:

fX(x)=I1 fX(x|1) f(1|X,I)d1
(5)

where fX(x|1) is the probabilistic model of G-R magnitudes, conditional upon the parameters 1 and fX(x) is the
predictive distribution of G-R magnitudes, now parameter free. In popular words: “the uncertainty in the 1
parameters have been integrated out”. 

The predictive distribution can be interpreted as being the distribution fX(x|1) weighted by f(1|X,I). Inferences
made by combining new information are achieved by updating the distributions of the uncertain parameters
through Bayes’ theorem and then by calculating the updated predictive function fX(x). It is incorrect to try
updating fX(x) directly.

If we want to “summarize” the posterior distribution of 1 by one parameter we can use the Bayes estimator 
1* = E(f(1)) or  1* = max(f(1)) (associated with a quadratic loss and 0-1 loss function respectively). In making
inferences on G-R magnitudes it is important to use the predictive function for x, as opposed to the
probabilistic model for x with the Bayes estimator for the parameter set 1, i.e. f(q|1*). This is because using point
estimators for uncertain parameters underestimates the variance in G-R magnitudes. 

CATALOGUES OF VRANCEA EARTHQUAKES

Radu and Lungu (last version 1995) and Constantinescu and Marz (last version 1995) provided instrumental and
historical catalogues of Vrancea events over the 20th century and over the millenium 984-1995.  The following
subcatalogues have been filtered:
Dataset 1: Gutenberg-Richter magnitudes above 4.1 in the period of 984-1900 (aftershocks are deleted). Number
of datapoints: 181; Mean magnitude: 5.76; Standard deviation: 0.63.
Dataset 2: Gutenberg-Richter magnitudes above 5.7 in the period of 1901-1995 (aftershocks are deleted).
Number of datapoints 14; Mean magnitude: 6.42; Standard deviation: 0.54.

ANALYSIS OF DATASET 2

We will first start by analyzing dataset 2. The accuracy of this data set is quite high as they are partly (after 1934)
instrumental data. The number of datapoint is however quite low; 14 in a time span of 95 years. In figure 1, the
14 datapoints are plotted on probability paper using the plotting point position formula of Bernard, Bos-
Levenbach: (i-0.3)/(n+0.4). At the same time the 3 statistical models of Equations (1), (2) and (3) are shown in
the figure. 



Figure 1: The 2 exponential - and generalized extreme value distributions fitted to the dataset 2

The line of 475 years return period is drawn at the frequency level of 2.1x10-3 per year. Note that using the
exponential model from (1), we predict an acceptable higher magnitude than using the other models (2) and (3).
 
We continue with analyzing the fit by model (3). The parameters have been fitted with a Bayesian approach using
non-informative priors for the location, shape and scale. The posterior distributions are approximately normally
distributed with the following values *.

TABLE 1
PARAMETERS OF THE POSTERIOR DISTRIBUTION

Par        Mean       Std dev          Correlation
-------------------------------------------------------
 u       6.21342      .15535         1.000
 a       -.76053      .25959         .401  1.000
 k        .15162      .33335         .556   .673  1.000
-------------------------------------------------------

We are not only interested in the mean fit, but also in its 90% confidence interval (see Figure 2). Note the very
large uncertainty for small frequencies. This is caused by the low number of data points. Extrapolation  starts as
soon as you are looking at frequencies below 1/14 x 14/94 years . 0.07/yr. This problem of large uncertainty of
the G-R magnitude for low occurence frequencies will always exist unless you can include extra knowledge into
the model. This extra knowledge could be physical arguments about the occurences of earthquakes, but it could
also be measurements of earthquakes from the old past. Although these measurements might be uncertain
themselves, they can put extra knowledge into our statistical model that we have so far. In section 4, an attempt
will be made to make the historical dataset suitable for inclusion in the Bayesian framework. 

* The tables were calculated with the computer program FLIKE. The authors acknowledge George Kuczera for
the possibility to use his program (Kuczera (1995)).



Figure 2: GEV-fit with 90% confidence interval of dataset 2

ANALYSIS OF DATASET 1

Dataset 1 will be fitted to again the GEV distribution. The result is given in Figure 3:

Figure 3: GEV distribution with 90% confidence interval of dataset 1

Note that the extrapolation problem to determine the 475-year G-R magnitude becomes an interpolation problem
now. On basis of the historical (inaccurate) data of almost 1000 years, we would predict the 475 quantile by a
G-R magnitude of 7.3±0.2. 



The posterior distributions for the 3 parameters of GEV are given by:

TABLE 2
PARAMETERS OF THE POSTERIOR DISTRIBUTION

 Par       Mean       Std dev       Correlation
-------------------------------------------------------
 u       5.52168      .04893  1.000
 a       -.50251      .05410         .068  1.000
 k        .20182      .03915   .332   .422  1.000
-------------------------------------------------------

Denote the much smaller standard deviations for the 3 parameters, compared with the parameters in the fit for
dataset 2 in Table 1.

INTEGRATION OF BOTH DATASETS

Both datasets can be ideally combined within the Bayesian framework. Our likelihoodmodel will remain the
generalized extreme value model. Dataset 1 will cause the location, shape and scale parameters of the GEV to
be apriori distributed according to Table 2. Then, dataset 2 will be used to update this prior distribution to the
results as given in Tables 3-4 and Figure 4. Take in mind however that we have treated the high accuracy of
dataset 2 as equal to the low accuracy of dataset 1. Because dataset 1 consists of 13 times more datapoints as
dataset 2, the influence of the updating process is very small. We will call this equal treatment of datasets
“weighting I”.

Figure 4: Integration of dataset 1 with dataset 2. 

The frequency line in this figure is almost the same is the frequency line in Figure 3. The 14 datapoints of the
instrumental catalogue have a minor influence in the updating process, in the case of weighting procedure I.



TABLE 3
SUMMARY OF PRIOR PARAMETER INFORMATION

 Parameter      Mean       Std dev      Correlation
--------------------------------------------------------------
  1   5.5200       .04800        1.000

  2   -.50000      .05000         .068   1.000  
  3     .20000      .03900         .330    .422   1.000
-------------------------------------------------------------- 

TABLE 4
SUMMARY OF POSTERIOR PARAMETER INFORMATION

Parameter       Mean       Std dev      Correlation
 -----------------------------------------------------------
  1           5.56111      .04724        1.000

  2           -.47888      .04907   .024  1.000  
  3            .20838      .03759   .336   .467  1.000
 -----------------------------------------------------------

To take account of the inaccuracy of dataset 1, a different weighting procedure has to be applied. This can be
done within the Bayesian framework, by making the prior distributions more vague. In weighting procedure IV
we have applied the following prior distribution as given in table 5. The posterior parameter information is then
given in table 6 and the frequency line and confidence interval in figure 5.

TABLE 5
SUMMARY OF PRIOR PARAMETER INFORMATION

 Parameter        Mean       Std dev      Correlation
 ---------------------------------------------------------------
  1  5.5200      .20000       1.000
  2 -.50000     .50000        .068   1.000
  3   .20000     .20000        .330    .422   1.000
 --------------------------------------------------------------- 

TABLE 6
SUMMARY OF POSTERIOR PARAMETER INFORMATION

 Parameter        Mean       Std dev       Correlation
 ----------------------------------------------------------------
  1              5.90366     .16190        1.000
  2              -.43283     .28766        -.487  1.000   
  3               .30098     .17019        -.102   .756  1.000
 ----------------------------------------------------------------

Figure 5: Assigning a high accuracy to dataset 2



CONCLUSIONS

In this paper, some new elements have been presented in the analysis of a frequency distribution for the
occurence of earthquakes in the Romanian subcrustal (60-170 km) Vrancea source. Apart from an expontial
distribution where there is no maximum level to the G-R magnitude, a generalized extreme value distribution has
been suggested. This distribution does have the characteristic of having a maximum credible magnitude of the
source. A second new element in the paper was to combine the quasi-instrumental catalogue of the twentieth
century with the large historical catalogue of eartquakes in the Vrancea over a millenium. To combine these two
very different catalogues, a Bayesian framework was developed in this paper. Combining the historical data with
the instrumental data caused the once every 475 years design eartquake to decrease in magnitude (Table 7). The
exact decrease is however difficult to determine because it depends on the accuracy of the historical data. The
Bayesian framework gives us a good tool to analyze the effect of accuracy of the historical data by one single
fine-tuning weighting parameter. It is still recommended to analyze the sensitivity of the threshold parameters
in both datasets (now taken as 4.1 and 5.7 in dataset 1 and 2 respectively) and to include a maximum credible
magnitude Xmax as a boundary condition (u+a/k<Xmax) in the Bayesian optimization procedure. 

TABLE 7
SUMMARY OF GUTENBERG RICHTER MAGNITUDES HAVING 475 MEAN RECURRENCE INTERVAL 

Dataset 475 years earthquake

Period 1901-1995 7.7±1.0

Period 984-1900 7.3±0.2

Period 984-1995 (weighting I) 7.3±0.2

Period 984-1995 (weighting IV) 7.5±0.3
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