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ABSTRACT: The simulation of long (several years) time series of multivariate wave and wind state 
parameters has many applications in coastal and ocean engineering, including coastal morphology, trans-
portation and energy exploitation studies, amongst others.

In this work the use of vector autorregresive (VAR) and Regime Switching VAR models for the simula-
tion of wave height, period and direction, and wind speed and direction, is studied.

In order to normalize and stationarize the series, non-stationary mixture uni-variate distributions are 
fitted to the above five variables. Then three different VAR models (one standard model and two regime 
switching models) are fitted and new time series are simulated. Finally, an in depth analysis of the long term 
simulations is performed, in order to study its ability to reproduce the behavior of the original series.

It is found that VAR models are able to capture main features of the original series, but they fail in 
reproducing some of the persistence regimes and some aspects of the bi-variate distributions. On the 
other hand, although Regime Switching VAR models improve some aspects of the simulations, they pro-
duce some unexpected behavior in the correlation of the simulated series.

is studied: a standard VAR model, and two Regime 
Switching VAR models, the Self  Exiting Threshold 
VAR model (TVAR) and the Markov Switching 
VAR model (MSVAR).

The objective is to study the ability of the dif-
ferent VAR models to reproduce the behavior of 
the original time series when they are used for long 
term simulations (several years). For this, simu-
lated time series are compared with original ones 
in terms of its marginal distributions, its auto- and 
cross- correlation functions, and its persistence 
regimes over different thresholds.

The rest of the document is organized as fol-
lows. Section 2 presents a brief  revision of previ-
ous work on the use of autoregressive models for 
the simulation of multivariate met-ocean variables. 
In sections 3 to 5 the methodology used for the 
simulation is introduced as well as the structure 
of the different models used. Estimation of the 
parameters of the models for the study case is dealt 
with in sections 6 to 8. Once parameters are esti-
mated new time series are simulated. The compari-
son of the new series with the original ones is done 
at  section 9. Finally, a discussion of the results is 
done at section 10, while main conclusions of this 
work are summarized at section 11.

1 INTRODUCTION

Simulation of time series of wave and wind param-
eters has many applications. Some of them are the 
design and management of harbors and water-
ways, the study of coastal morphology and the 
design of shore protection structures, the design, 
construction and operation of off-shore structures, 
etc. (Guedes Soares and Cunha 2000; Stefanakos 
and Belobassakis 2005).

This work focuses on the study of a methodol-
ogy for the simulation of new time series of the 
variables that defines the sea and wind states on 
deep waters, i.e.: spectral significant wave height 

HmH 0
, peak period TpTT , mean wave direction θMθ , 

wind speed VWVV  and wind direction θWθθ .
For the application and verification of the meth-

odology a hindcasted time series is used. It corre-
sponds to 13 years of 3 hours states, taken at the 
Gulf of Cádiz (36.5ºN, 6.5ºW), Spain.

First, the five variables are normalized and 
stationarized. For this non-stationary parametric 
marginal distributions functions of the variables 
are used. Then, for modeling time dependence and 
interdependence of the normalized variables, the 
use of three Vector Autoregressive (VAR) models 
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For the sake of readability of this document, 
many of the graphical results that partially justify 
the conclusions, as well as some details of the mod-
els used, are skipped.

2 BACKGROUND

This works focus on the multivariate simulation 
of time series of met-ocean variables by means of 
autoregressive models.

The use of univariate autoregressive (AR) mod-
els for the simulation of significant wave height was 
presented in Guedes Soares and Ferreira (1996) and 
Guedes Soares et al. (1996). In Scotto and Guedes 
Soares (2000) the analysis is extended to the use 
of univariate self exiting threshold autoregressive 
(TAR) models. More recently Cai et al. (2007) ana-
lyze the use of AR models for the simulation of time 
series of environmental variables.

With regards to multivariate simulation, Guedes 
Soares and Cunha (2000) use bivariate autoregres-
sive models for the simulation of wave height and 
peak period time series. Stefanakos and Belobas-
sakis (2005) use a vector autoregressive moving 
average model to the simulation of wave height, 
peak period and wind speed, while Cai et al. (2008) 
use a bivariate AR model for the study of wave 
heights and storm surges.

Main differences of this work with previous ones 
are: (a) the analysis of TVAR and MSVAR models 
for 5-variate met-ocean variables, (b) the method 
used for normalization of the variables, and (c) the in 
depth analysis performed on the simulated series. In 
our work this analysis comprises several aspects not 
usually covered in previous works: probability distri-
bution of the persistence regimes, marginal bivariate 
distributions of the normalized as well as of the orig-
inal variables, and the ability of the model to repro-
duce the variability actually observed on the climatic 
variables (i.e. some years are more severe than others). 
This in depth analysis gives a better idea of the appli-
cability and the limitation of the VAR models for 
met-ocean variables simulation than that obtained by 
only comparing autocorrelations and first moments 
of the original and simulated distributions.

3 METHODOLOGY

The proposed methodology comprises three steps:
(a) Non-stationary distributions functions and 

normalization of the variables. For each one of the 
variables under study a non-stationary distribution 
function is fitted V Fi iVV FF i( )tt ( )V tiVV∼ . Using this func-
tion, variables are normalized by means of

ZiZ ( )tt = ( )F V tiFF iVV ( )t |( )−Φ 1

 
(1)

where Φ( )  is the standard normal univariate 
distribution. Non-stationary functions used in this 
work are introduced in section 4, the fitting of the 
functions to the data is presented on section 6, and 
the analysis of the normalized variables is shown 
in section 7.

(b) Vector Autoregressive Models (VAR). These 
models are used to explain the time dependence 
and the inter-dependence of the normalized vari-
ables. First a order p VAR linear model is fitted 
(VAR( )p ). Then, two different regime switching 
versions are fitted: a Self  Exiting Threshold VAR 
model (TVAR( )R ), and a Markov Switching 
VAR model (MSVAR( )K pRK ), where KRK  is the 
number of regimes of the models. The structure 
of the different models is introduced in section 5, 
while the estimation of its parameters is shown in 
section 8.

(c) Simulation. The simulation of new time 
series comprises two steps. First, one of the VAR 
models is used for the simulation of a new time 
series of the normalized variables { }i . Then nor-
malized variables are transformed to the original 
ones by means of the non-stationery distribu-
tions V F Zi iVV iZFiFF iZ1( ( ) )t| . The simulated time series 
obtained with the different models are analyzed on 
section 9.

4 PROBABILITY DISTRIBUTIONS

Here the univariate marginal distribution func-
tions used for normalization of the variables are 
described.

Variables under study are HmH 0, TpTT , θMθ , VWVV  and 
θWθθ . Four different stationary and non-stationary 
distribution functions are used for the normaliza-
tion of these five variables. These distributions are 
shown next. The parameters of these distributions 
are estimated through maximum likelihood.

4.1 c-GPD model

The distribution used for HmHH 0 and VWVV  is the same 
that was used by (Solari and Losada 2011c). This 
distribution consists of a mixture of a truncated 
central distribution function for the central part, 
and two generalized Pareto distributions (GPD) 
for the tails. The distribution is
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where fcff  is the density function selected for the 
central part, fmff  is the lower tail GPD and fMff  is 
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the upper tail GPD; u1
 and u2

 are lower and upper 
thresholds where the central distribution is trun-
cated; FcFF ( )u1

 and 1 2− FcFF ( )2u  are scale constants for 
the lower and upper GPD respectively.

For the density function (2) to be continuous 
and to have lower bound equal to zero, the follow-
ing relations must be fulfilled (Solari and Losada 
2011a; Solari and Losada 2011b)
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1 1
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For modeling wave heights HmH 0
 a Log-Normal 

(LN) distribution is taken for the central function 

fcff , and the resulting model is called LN-GPD. For 
wind speeds VWVV  central distribution fcff  is taken to 
be a biparametric Weibull distribution (WB), and 
the resulting model is called WB-GPD.

LN distribution has position parameter μLNμ  
and scale parameter σ LNσ > 0; the WB distribution 
has scale parameter αWBαα > 0 and shape  parameter 

βWBββ > 0; the minimum GPD fmff  has shape  parameter 

ξ1ξξ , scale parameter σ1σσ 0≥  and position parameter u1
;  

the maximum GPD fMff  has shape parameter ξ2ξξ , 
scale parameter σ 2σσ 0≥  and position parameter u2

.
In order to simplify the analysis the position 

parameters of both GPD, u1 and u2, are replaced 

by Z1ZZ  and Z2ZZ , where u F Zi cFF iZZ−1( ( )), being Φ  the 
univariate standard normal distribution (see Solari 
and Losada 2011c). Then Z1ZZ  and Z2ZZ  are assumed 
to be constants, while the remaining parameters 
are time varying.

Parameters of the LN-GPD distribution are 
(μLNμ , σ LNσ , ξ2ξξ , Z1ZZ , Z2ZZ ), while those of the WB-GPD 

distribution are (αLNα , βLNβ , ξ2ξξ , Z1ZZ , Z2ZZ ). Parameters 

μLNμ , σ LNσ , αWBαα , βWBββ  and ξ2ξξ  are time varying, and 
are expressed as Fourier series

θ θ +θ ( )θ π
=

∑aθθ
k

N

θθ
kN

0

1

ππ θθθθ+ θθ ππ
 

(3)

where t is on annual scale, and as a consequence 
only variations of periods less or equal to one year 
are taken into account (seasonal variations).

4.2 Bi log-normal model

For the peak period TpTT  a mixture model composed 
by two LN distributions is defined. The model is

f x f x f xLNff ff)x )x ( ) )x= +f )α fff )x (+fff )x
1 2

fN LNff) ( )
 (4)

The parameters of the distribution are (μ1μμ , σ1σσ , μ2μμ , 
σ 2σσ , α ), with σ1 2σσ 0, >σ 2σ  and 0 1α . All param-
eters are time varying and are expressed as Fourier 
series using (3).

4.3 Tetra truncated normal model

For both mean wave direction θMθ  and wind direc-
tion θWθθ  a mixture of four stationary normal distri-
butions, truncated at 0  and 360 , is used

f x f x F F
i

i Nff i Nx FF i NFF i)x x)x ( ) ( )FFF= fi ff )xx ⎡⎣⎡⎡ ⎤⎦⎤⎤
=

−∑
1

4
1

α ii

 

(5)

where fNff  and FNFF  are the probability density 
function (PDF) and the cumulative distribu-
tion function (CDF) of the normal distribution, 
and ∑ =1

4
i α i = 1. The distribution has position 

 parameters μNiμ  and scale parameters σ Niσ > 0, with 

i = , , ,1 2, 3 4, , and proportion parameters α iα  with 

i = , ,1 2, 3, being α α4
3∑i iα1 .

Circular distributions for the direction variables 
will not be considered in this phase.

5 VECTOR AUTOREGRESSIVE MODELS

Autoregressive models give the value of the current 
observation as a linear function of past observa-
tions and a white noise. Vector Autoregressive mod-
els are an extension of autoregressive models for 
multivariate data. Here, three different models are 
considered. First, the classical Vector Autoregres-
sive model of finite order p (VAR( )p ). Secondly 
two regime switching non-linear models constructed 
using the classical one: the Self Exciting Threshold 
Vector Autoregressive model of KRK  regimes and 
order p (TVAR( )R

), and the Markov Switch-
ing Vector Autoregressive model of KRK  regimes and 
order p (MSVAR( )K pRK ). These two model are 
based on the definition of different regimes. For 
each regime a VAR( )p  model isused, and as a con-
sequence these two models are piecewise linear.

For a description of vector autoregressive 
 models the reader is referred to Lütkepohl (2005).

5.1 VAR(p) model

The Vector Autoregressive model of order p is 
given by (see e.g.: Lütkepohl (2005).

y uty
i

p

i tAA yy i tuu+
=
∑

1  

(6)

where y yt ty Kt ′( )y yty Kt,y ty ,  is a vector of dimensions 
( ), being K  the number of variables; each AiAA  is 
a matrix of autoregressive coefficients, of dimen-
sions ( ); ν ′( )ν ν,ν ,1 K

 is a vector of dimen-
sion ( ) that allows for a non zero mean E yt( )yt ; 
and ut t Kt ′( )u ut Kt,u tu ,  is a K—dimensional white 
noise, also called innovation process or error, that 



220

must fulfill E t( )ut = 0, E t t u( )u ut tu′ = Σ  and E t s( )u ut su′ = 0 
for s t≠ .

In this work the parameters of the VAR( )p  
model are estimated through Least Square (see 
Lütkepohl 2005, Ch. 3). For this the model is 
expressed on matrix notation as Y BZ U= BZ , 
where Y y yT( )y yTy ,y ,1

, B p( )A ApA, , ,1AA , 

Z yt tZ yZ y t p ′+p[ ]y ytyy t p, , +p1 1
, Z T( )Z Z ZTZZ,Z , , −0 1ZZ,ZZ 1

 and 

U T( )u uT( ,u ,1
, being T  the number of observa-

tions available for estimation. Then, autoregres-
sive parameters are estimated as 1 1

gg
−ˆ ( )′′B Y= Z−1(YY ; 

while the covariance matrix Σu of  the withe noise 

ut
 is estimated through the errors −ˆ ˆU Y= BZ as 
= /′Σ ˆ ˆˆ ( 1+ )u UU − .
For defining the order p of the model that should 

be used it is possible to use the Bayesian Informa-
tion Criteria BIC NpN= −2 lLLF + og( )T , where 

LLF  is the log likelihood function and NpN  is the 
number of parameters of the model. Procedure is 
as follows: first model parameters are estimated for 
a series of orders p; then, LLF  and BIC  are esti-
mated for each one of the models and the one with 
the lower BIC is selected as the “optimum” model.

Assuming that the white noise follows a multi-
variate normal distribution of zero mean and cov-
ariance Σ̂u, the LLF  is

( )
=

|(= ,Σ∑
1

ˆ( 0| )

T

u
t

LLF l f(((

where | , Σ̂( 0| )ˆMVNVV ufM  is the density function of the 
multivariate normal distribution.

5.2 TVAR(KR,p) model

Threshold VAR models assume that there exists 
more than one possible regime for the system, and 
that at each time t  the regime is defined by the 
value taken by the variable z at time t d , where d  
is the delay. When z is one of the variables of the 
regression, the model is called Self  Exiting. This 
last case is the one studied here.

The structure of the TVAR( )R
 model is

y A y u z rty
i

p

iAA j
t iy t j tz d jr<rr+ ut

j ≤
=

t j −∑( )j ( )j ( )jj

1

if

 

 
(7)

where the set rjr  are the thresholds that defines the 
different regimes.

Once that the number of regimes KRK , the set of 
thresholds rjr , the delay d , and the variable z used 
to identify the regimes are all defined, it is possible 
to estimate the autoregressive parameter and the 
covariance matrix of each regime in the same way 
it was done for the VAR model, using the Least 
Square method.

Here BIC is used for estimation of z, d , rjr . To 
calculate the BIC of the TVAR model: (a) the LLF 
is estimated using a multivariate normal distribu-
tion for each regime, and (b) the number of param-
eters NpN  includes the parameters of all regimes.

Then, given the number of regimes KRK , for each 
one of the possible variables z a set of thresholds rjr  
and a set of delays d  are defined. Then, BIC is esti-
mated for each possible model, and the one with 
the lower BIC is selected. This is repeatedwith dif-
ferent number of regimes, and again the one with 
the lower BIC is taken as the “optimum” model. 
This procedure is similar to that used by Tsay 
(1998), but in this case BIC is used for selecting the 
model, while Tsay used the mean square error.

5.3 MSVAR(KR,p) model

In the Markov Switching VAR model it is assumed 
the existence of an unobserved variable 

t
 that 

determines the regime at each time steps, and that 
this variables follows a discrete Markov process. 
Again, for each regime j  a VAR model is defined. 
Then, the MSVAR( )K pRK  is defined as

y A y u s jty
i

p

iA j
t i t t+ u st

j

=
∑( )j ( )j ( )jj

1

if

 

(8)

where the unobserved variable st
 follows a Markov 

process with transition matrix PsPP , which has to be 
estimated on basis of the observed variables yt

.
There are two possible approaches for parame-

ter estimation of MSVAR models: the use of maxi-
mum likelihood method, through a EM algorithm 
(see e.g. Hamilton 1990), or the use of Bayesian 
estimation procedure, through the use of Markov 
Chain Monte Carlo (MCMC) methods (see e.g. 
Albert and Chib 1993; Harris 1999). In this work 
the later approach is used.

Again, the BIC is used for the selection of number 
of regimes KRK  and of the order p of the model. 
However in this case the likelihood function of the 
joint distribution of the observed and unobserved 
variables is used for the calculation of the BIC, and 
as a consequence the BIC obtained here can not 
be compared with those obtained for the VAR and 
TVAR models. The joint likelihood function is

f Y P Pn n n n
t

n

t tY s snYY ) ( ) ( )st tsss P(stP( )s
=
∏1fn n n)sn )n n (sns f n P) (s

2
1λ λf Y) )Y S= f Y SnS) = f YnYY

 

 (9)

where

f Y f f yn n r r
t r

n

t t tY SnYY ( )r r )y Y st tYY tSSS f ( r f yt) st
+r

∏λ λf ( )Y SrSSf (YrYY ) λ )
1

1

 

(10)



221

with f Yr r )Y Sr rYY SrS λ ) being the likelihood of the first r  
observations and f yt t t )y Y st t tYtYY 1 λ ) is the likelihood 
of the remaining observations conditional to the 
regimes and the previous observations, P( )s1

 is the 
marginal probability of the regimes and P t t( )s st ts 1

 
is the transition probability from st−1

 to st
.

It should be noted that the estimation of the 
absolute likelihood of the observed variables 
would require the integration of (9) on all the pos-
sible realizations of st

.

6 DISTRIBUTIONS FITTING

The parameters of the marginal distributions of 
the five variables are obtained through maximum 
likelihood. For the non-stationary distributions 
different models are fitted, varying the order of 
approximation of the Fourier series between 0 and 

4 . For each model the BIC is estimated, and the 
one with the lower BIC is selected. The procedure is 
similar to that used in Solari and Losada (2011c).

Models give a very good fitting for the five vari-
ables under study. Figures 1 and 2 show the model 
obtained for HmH 0

. In figure 1 the annual mean 
probability density function (PDF) and cumula-
tive distribution function (CDF) are presented. It 
is noticed that the model fits very well the data, 
except for the mode of the model, which is approx-
imately 0.1 m smaller than the empirical mode. To 
verify that the model is able to capture the seasonal 
behavior of the variable, non-stationary empiri-

cal and modeled quantiles are plotted in figure 2, 
where agreement between both is noticeable.

A similar analysis (not shown here) is performed 
for the other four variables with similar results.

7 NORMALIZED DATA SERIES

By means of (1), and using the marginal distribu-
tions fitted in the previous section, the data series 
are normalized, obtaining the normalized variables 

ZHZ , ZTZZ , Z MθMM
, ZVZZ , and Z WθWW

.
First what can be noticed is that the normali-

zation procedure is actually capable of producing 
standard normal distributions. Figure 3 shows 
the CDF of the normalized variables on normal 
probability paper. It is observed that they follow a 
standard normal distribution expect for probabili-
ties lower than 0.1% or higher than 99.9%.

Figure 4 shows the time series of the normal-
ized variable ZHZ . It is noticed that, although there 
are no seasonal variations in the normalized time 
series (middle and bottom panels show the vari-
able and the moving average of the mean and the 
standard deviation in annual scale), there are some 
important inter-annual variations that the trans-
formation is not able to cope with. For example, 
the first two years of the series show higher values 
than the others (top panel).

A complete analysis of the time series of the five 
normalized variables was also performed. Station-
arity of the mean, the standard deviation and the 
auto- and cross-correlation were studied using the 
methodology described in van Gelder et al. (2007).

In general terms no seasonal variations are 
observed in the mean and the standard deviation 
of the variables ZHZ , ZTZZ  are ZVZZ , i.e. they can 
be assumed weakly stationary. However, some 
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Figure 1. Annual probability density functions PDF 
(top) and cumulative distribution function CDF (bot-
tom) for HmHH 0

.

0 0.2 0.4 0.6 0.8 1
0,1

0.2

0.4

0.6
0.8

1

2

4

8

Time [years]

H
m

0
 [
m

]

Figure 2. Empirical (gray) and modeled (black) quan-
tiles of 1, 5, 10, 25, 50 , 75, 90, 99 and 99.9% for HmHH 0
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 seasonal variations are observed in the time series 
of Z M0ZZ  and Z WθWW

. These variations are not consid-
ered significant and are overlooked. However, they 
could be avoided by using a non-stationary version 
of the tetra truncated normal model (5).

With regards to correlations, it is noticed that 
autocorrelations of variables ZHZ  and ZTZZ  show 
seasonality, while crosscorrelations ( )H T

, 

( )H V
 and ( )T V

 show some non-station-
ary behavior but no clear seasonal pattern can be 
recognized.

It is concluded that the marginal non-stationary 
distributions can be used for the transformation of 
the original non-stationary variables into stand-
ard normal weakly stationary variables. However, 
there is non-stationarity remaining in the time 
dependence structure of the normalized variables 
that may justify the use of time varying models 
when modeling the time-dependence structure of 
the normalized variables.

8 AUTOREGRESSIVE MODELS 
PARAMETERS ESTIMATION

8.1 VAR model

The parameters of the VAR( )p  model are esti-
mated through the least square method described 
on section 5, for order p between 1 and 8. For each 
model the BIC is calculated, and the lower BIC is 
obtained with p = 7.

8.2 TVAR model

First a two regimes model (KR = 2) is fitted 
using several different variables z for defining 
the regimes: wave height HmH 0, normalized wave 
height ZHZ , peak period TpTT , normalized period ZTZZ , 
wind speed VWVV , normalized wind speed ZVZZ , wave 
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Figure 3. CDF of the normalized variables in normal 
probability paper.
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 steepness H Tm pH TH T 2 and pseudo normalized wave 
steepness Z ZH TZ ZZ .

According to the BIC the best fit model is 
obtained when z is wind speed VWVV , although good 
fits are also obtained when taking z as the normal-
ized wind speed or the wave height. In all the three 
cases optimum delay d  is 1 and optimum order 

p is 7.
After that a three regime (KRK = 3) model is fit-

ted, but in this case only significant wave height 

HmH 0
, wind speed VWVV  and normalized wind speed 

ZVZZ  are evaluated as regime defining variables z. 
Again best fit, evaluated through BIC, is obtained 
when z VWVV  with delay d = 1 and order p = 7.

BIC of the three regimes model TVAR( )  is 
smaller than the BIC of the two regimes model 

TVAR( ), which in turn is smaller than the 
BIC of the standard model VAR( )7 . Therefore 
model TVAR( )  is selected, with z VWVV  and 
( ) ( )1 2 =) .

Results obtained indicate that the time depend-
ence structure of the variables depends on the 
intensity of the wind. Three different structures are 
identified: one for soft winds, with V m sWVV . /3 8  
(Beaufort under 4), other for relatively strong winds 
V m sWVV . /7 1  (Beaufort over 5), and a last one for 
intermediate winds speeds 3 8 7 1. /8 < . /s/ V m7 1< .1 sWVV  
(Beaufort between 4 and 5).

It was noticed that for every studied TVAR 
model the optimum order p was 7 and the optimum 
delay d  was 1, except when the pseudo-steepness 
was used for z, for which optimum delay d  was 3.

8.3 MSVAR model

MSVAR models with two and three regimes are 
studied. In both cases order p varying between 1 and 

8 is evaluated and BIC is estimated using (9). The 
model with the minimum BIC is MSVAR( )3 7, .

In the MSVAR model the vector ν ( )νν j  gives 
an idea of the physical meaning of each regime. 
Table 1 presents the three ν ( )νν j  vectors obtained for 
the MSVAR( )3 7, . It is seen that regime one corre-
sponds to wave heights lower than the mean, with 
peak periods over the mean and wind speeds lower 
than the mean, all of them characteristics of swell 
conditions. Regime three on the other hand cor-

responds to wave heights and wind speeds higher 
than the mean, and peak period lowerthan the 
mean, all characteristics of sea conditions. Regime 
two can be seen as an intermediate regime, with 
average wave heights and periods, and moderate to 
high wind speeds.

8.4 Residuals analysis

A usual way to evaluate the quality of the autore-
gressive models is to study the residuals. In this 
work residuals where supposed to follow a normal 
distribution in order to estimate the LLF of the 
autoregressive models.

Figure 5 shows the residuals of of ZHZ  obtained 
with the VAR( )7  model. It is notice that residuals 
do not show significant autocorrelation (middle 
panel), and that 80% of them follows a normal dis-
tribution (lower panel). The lower and upper 10% of 
the residuals also tend to follow a normal distribu-
tions, but with higher variance. This is considered to 
be a consequence of the non-stationarity observed 
on the variance of the residual (upper panel).

Also an analysis on the stationarity and inde-
pendence of all the remaining residuals was 
 performed. It was observed that residuals show 
some non-stationarity. This is coherent with the 

Table 1. ν vector for the three regimes of the model 
MSVAR(3,7).

Reg. ZH ZT ZθM
ZV ZθW

1 –0.105  0.102  0.215 –0.282 –0.078

2  0.023  0.038 –0.091  0.188  0.053

3  0.308 –0.842 –0.694  0.228  0.006
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non-stationarity observed in the dependence struc-
ture of the normalized variables.

However, from the point of view of this work, 
i.e. the long term simulation of new series for engi-
neering applications, it is considered that the best 
way of evaluating adequacy of the models is by 
studying the new simulated time series. This is con-
ducted in the next section.

9 SIMULATION

Three time series of the normalized variables, 
of 500 years each, are simulated using the three 
autoregressive models fitted in previous section. 
Then, these series are transformed to the original 
variables by means of the marginal distributions.

Next, the simulated series are compared with the 
original ones in terms of its marginal distributions 
(uni- and bi-variate) and its interannual variabil-
ity, of its persistence regimes and of its auto- and 
cross-correlations.

9.1 Univariate marginal distributions 
and interannual variability

Ferreira and Guedes Soares (2002) pointed out that 
probability models for sea state parameters should 
be able to reproduce the interannual variability 
that is characteristic of environmental variables. 
This variability is evident when one compares the 
PDF of different measured years.

Here, it is verified that the simulated series share 
the same mean annual PDF as the original series, 
and that they also reproduce most of the inter-
annual variability registered on the original time 
series.

In figure 6 the annual PDF of each of the 500 
years simulated with the VAR( )7  model are pre-
sented, along with the PDF of the 13 measured 
years and its mean annual PDF. Results obtained 
for the other variables, as well that those obtained 
with models TVAR( )  and MSVAR( )3 7, , have 
the same behavior as those presented here.

First, it is noticed that the simulated series are 
able to reproduce the mean annual PDF of the 
measured series. On the other hand, the simulations 
show a significant variation in the annual PDF. The 
annual PDF of the simulated series produce a cloud 
around the annual mean PDF of the measured data 
that includes most of the measured annual PDF. 
However, there are at least two years of measured 
data whose PDF can not be reproduce by the simu-
lated series. Those two years correspond to the first 
two years of the measured series, for which severer 
weather was observed, i.e. higher wave heights and 
wind speed and lower peak period.

9.2 Bivariate distributions

It is important that the simulated series reproduce 
not only the marginal bivariate distributions of 
the measured data but also its marginal multivari-
ate distributions, since the latter contain informa-
tion about the joint occurrence of values of the 
variables. Among the multivariate distributions, 
bivariate distributions are the the easiest to evalu-
ate graphically and are the most familiar for the 
coastal engineer, therefore here the ability of the 
simulated series to reproduce the original bivariate 
distributions is analyzed.

The 10 possible bivariate distributions were 
analyzed. Here only the two most commonly used 
bivariate distributions are included. Figures 7 and 
8 show bivariate distributions of (HmH 0

,TpTT ) and 
(HmHH 0

,VWVV ) respectively, for both the original and 
the normalized variables.

It was observed that data series simulated with 

VAR( )7  model reproduce well those bivariate 
distributions of the normalized variables whose 
behavior is similar to that of a multivariate nor-
mal distribution, i.e. with only one mode and with 
constant dependence structure for the whole range 
of values of the variables. When the bivariate dis-
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tribution shows multimodality or its dependence 
structure depends on the value of the variables, as 
is the case of (ZHZ ,ZTZ ) and (ZHZ ,ZVZZ ) respectively, 
the model is unable to capture this behavior.

Model TVAR( )  has a better performance 
capturing the varying dependence structure of 
the (ZHZ ,ZVZZ ) distribution, but it is unable to repro-
duce the bimodality of the (ZHZ ,ZTZZ ) distribution. 

MSVAR( )3 7,  on the other hand is capable of 
reproducing the bimodality of the (ZHZ ,ZTZZ ) distri-
bution and also improves the results obtained with 
the TVAR( )  in the (ZHZ ,ZVZZ ) distribution.

However, the improvement obtained with the 
regime switching models in the representation 
of the bivariate distribution of the normalized 
variables, does not translate into a significant 
improvement in the representation of the bivariate 
distributions of the original variables. It is observed 
that the bivariate distributions obtained with the 
three autoregressive models are very similar. All of 
them reproduce the main features of the bivariate 
distribution of the measured data, but still all of 
them fail in reproducing some details of the distri-
butions, as can be the increase on the dependence 
between 

mHH 0
 and TpTT  for storm conditions (high 

wave height and low periods).

9.3 Persistence regimes

Persistence regimes over different thresholds are 
useful for the estimation of the operationality of 
navigation channels, for the planning of marine 
operations, or for the estimation of the availability 
of renewable energy resources as wind and waves. 
Therefore, it is important that the simulation is as 
accurate as possible on the representation of the 
persistence regimes of the variables.

Persistence regimes of the three simulated series 
are very similar. In general terms it is observed that 
persistence regimes are well reproduced by the sim-
ulated series for thresholds close to the mean of the 
variables. As the threshold increases the difference 
between the persistence regimes of the measured 

and the simulated series increases too. The general 
trend is to produce shorter persistences than those 
observed in the measured data.

As an example of this, figure 9 shows persistence 
regimes of HmH 0

 and VWVV  over thresholds correspond-
ing to nonexceedance probabilities 0.5 and 0.9.

Although it has not been verified, it is suspected 
that the observed trend to produce shorter per-
sistences than observed may be partially caused 
by the inability of the model in reproducing all 
the observed interannual variability of the vari-
ables, i.e. if  more severe years could be simulated 
it is expected that also longer persistence over high 
thresholds would occur.

9.4 Auto- and cross-correlation

Figure 10 shows auto- and cross-correlation func-
tions, for lag up to  hours, obtained with the 
measured and the simulated series.

It is observed that VAR( )7  model is the one 
that better reproduce the correlation structure of 
the measured series. In the case of the normalized 
variables the correlations obtained with the simu-
lated series are almost identical to those obtained-
with the measured series. However, in case of the 
original variables, some significant difference are 
observed for those correlations that involves any 
of the direction variables. This may be because in 
this work direction variables are treated as linear 
variables, when in fact they are circular variables. 
Maybe the correlation structure of the simulated 
series could be improved by using circular model 
for direction variables.

On the other hand, regime switching models 

( )  and MSVAR( )3 7,  produce unex-
pected effects on the correlation structure of the 
simulated series. In particular it is noted that the 
series simulated with the MSVAR( )3 7,  model have 
higher cross-correlation between HmH 0

 and the var-
iables TpTT , θMθ  and θWθθ , than that observed on the 
measured series. Additionally, it shows positive 
cross-correlation between TpTT  and VWVV , while the 
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Figure 10. Auto- and cross correlation functions of the original (top) and normalized (bottom) variables. Lags 
expressed in hours. Blue circles: measured data; continuos line: VAR model simulated series; dashed line: TVAR model 
simulated series; dotted line: MSVAR model simulated series.

measured data shows negative cross-correlation 
(with higher winds sea condition is observed, while 
with lower winds swell prevails).

10 DISCUSSION

The proposed univariate marginal distribution 
functions provide a good fit to the measured data 

series, and gives a valid alternative to the methods 
used by other authors (Cunha and Guedes Soares 
1999; Stefanakos and Belobassakis 2005) for the 
normalization and stationarization of  the data 
series. However, the proposed method has two 
limitations. First, it does not account for inter-
annual variations and trends on the series. Sec-
ondly, it is unable to produce fully non-stationary 
series.
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First mentioned limitation can easily be over-
come by allowing the parameters of the distribu-
tions to have different time variation structure. 
Without background modifications of the pro-
posed models, just by including additional factors 
on equation (3), the parameters can be allowed to 
vary with periods greater than one year (e.g.: multi 
year cyclic variations), to have nonperiodic depend-
ence on time (e.g.: to have trends), and even to be a 
function of covariables (e.g.: climatic indexes).

On the other hand, the second mentioned limita-
tion does not have a straightforward solution. The 
detailed study done about the stationarity of the 
normalized time series shows that these can only 
be considered weakly non-stationary, and that they 
have time varying dependence structure. This last 
aspect can not be taken into account with the pro-
posed normalization procedure. In order to cope 
with it, it would be necessary to use time varying 
models for modeling the dependence structure (e.g. 
time varying VAR models).

It was found that, when using the VAR model 
for modeling the time dependence structure of 
the series, most of its behavior can be explained. 
New simulated series obtained with the fitted VAR 
model reproduce satisfactorily the auto- and cross-
correlation structure of the original series, as well 
as its univariate marginal distributions, and to 
some extend its interannual variability and its per-
sistence regimes.

Studied regime switching models (TVAR and 
MSAR) were found more able in reproducing the 
behavior of the bivariate marginal distributions of 
the normalized variables. Particulary the MSVAR 
is able to capture both bimodal and dependence 
varying bivariate distributions. This however does 
not translate into a significant improvement of 
agreement between the measured and the simulated 
bivariate distributions of the original variables.

11 CONCLUSIONS

In summary, a methodology based on the use of 
non-stationary distributions and autoregressive 
models was introduced, which can be used for the 
simulation of long-term series of 5-variate met-
ocean variables.

Through an in depth analysis of the simulated 
series main limitations of the simulation procedure, 
when used for engineering applications, were iden-
tified. Amongst them is the inability of the models 
to reproduce the observed persistence regimes for 
high thresholds of the variables.

It has been shown that the use of regime switch-
ing models do not necessarily produce better simu-
lated series, although fitting errors are reduced, and 
better agreement is achieved between the measured 

and simulated bivariate distributions of the nor-
malized variables. Given the unexpected behavior 
of the correlations observed in the series simulated 
with the regime switching models, its use in our 
case study is discouraged.

At least two possible work lines were identi-
fied and discussed in previous sections that could 
improve the simulation of met-ocean variables: (a) 
to introduce long term variations, trends and cov-
ariables into the parameters of the marginal uni-
variate distributions, and (b) to use time varying 
VAR models for modeling time dependence struc-
ture of the normalized series.
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